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ABSTRACT
Two sea surface height (SSH) anomaly fields distributed by Archiving, Validation, and Interpretation
of Satellite Oceanographic (AVISO) Altimetry are evaluated in terms of the effects that they produce on
mixing. One SSH anomaly field, tagged REF, is constructed using measurements made by two satellite altimeters; the other SSH anomaly field, tagged UPD, is constructed using measurements made by up to four
satellite altimeters. Advection is supplied by surface geostrophic currents derived from the total SSH fields
resulting from the addition of these SSH anomaly fields to a mean SSH field. Emphasis is placed on the
extraction from the currents of Lagrangian coherent structures (LCSs), which, acting as skeletons for patterns
formed by passively advected tracers, entirely control mixing. The diagnostic tool employed to detect LCSs is
provided by the computation of finite-time Lyapunov exponents. It is found that currents inferred using UPD
SSH anomalies support mixing with characteristics similar to those of mixing produced by currents inferred
using REF SSH anomalies. This result mainly follows from the fact that, being more easily characterized as
chaotic than turbulent, mixing as sustained by currents derived using UPD SSH anomalies is quite insensitive
to spatiotemporal truncations of the advection field.

1. Introduction
The purpose of this study is to carry out an evaluation
of two altimetry products distributed by the Archiving,
Validation, and Interpretation of Satellite Oceanographic (AVISO) Altimetry data center with a focus on
surface ocean mixing.1 The AVISO products considered
are sea surface height (SSH) anomaly fields that differ
by the number of satellite altimeters that furnish the
measurements employed in their construction. One SSH
anomaly field, tagged REF, is constructed using measurements made by two satellite altimeters that occupied
the same groundtracks throughout the whole record. The
second SSH anomaly field, tagged UPD, is constructed
using measurements made by a different number of

1
Throughout this work, mixing is understood as the nondiffusive
rearrangement of parcels of fluid particles resulting from the successive
stretching and folding exclusively produced by lateral advection.
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satellites throughout the record, ranging from two to four.
The total SSH fields resulting from adding these SSH
anomaly fields to a mean SSH field are used to compute
surface geostrophic currents, which provide advection for
the Lagrangian calculations presented in this work. The
surface geostrophic currents that use UPD SSH anomalies in their computation are referred to as UPD currents
throughout this work and those that involve REF SSH
anomalies as REF currents.
Various studies of the differences between SSH anomaly fields similar to those considered here have been
reported. For instance, Pascual et al. (2006) reported
larger SSH anomalies and enhanced eddy kinetic energies when measurements from four satellite altimeters
are combined. Improved consistency was also noted by
Pascual et al. between altimetric SSH measurements and
tidal gauge data in coastal areas. In addition, Chelton et al.
(2007) reported improved agreement between theoretical Rossby wave phase speeds and phase speeds of
low-frequency SSH anomaly signals when UPD SSH
anomalies are considered.
On the other hand, global (Beron-Vera et al. 2008;
Waugh and Abraham 2008) and regional (Abraham and
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Bowen 2002; d’Ovidio et al. 2008; Rossi et al. 2009;
Waugh et al. 2006) Lagrangian calculations have provided support for the notion that mixing as sustained by
UPD currents is largely heterogeneous, with the velocity
field being largely spatially coherent and temporally
regular on time scales over which fluid particle motion is
mainly irregular. Consistent with this notion, Shuckburgh
et al. (2009) reported very small sensitivity of effective
diffusivity calculations to spatial smoothing of UPD currents in a study carried out in the Pacific sector of the
Southern Ocean. These results suggest that the differences
between UPD and REF currents should have a small
effect on mixing, which we seek to investigate.
With the above goal in mind we place particular focus
on the detection of Lagrangian coherent structures
(LCSs). As defined in Haller and Yuan (2000), LCSs
constitute distinguished invariant manifolds in the augmented (by the time coordinate) phase space of a nonautonomous dynamical system. By ‘‘nonautonomous
dynamical system’’ it is meant a set of first-order ordinary
differential equations with explicit dependence on time,
whereas by ‘‘invariant manifold’’ it is meant a surface composed of solution curves or trajectories of the system. Fluid
particle trajectories, as produced by a two-dimensional
velocity field such as the UPD and REF velocity fields,
obey a system of the aforementioned type. As viewed
from the corresponding phase space (i.e., the physical
two-dimensional space) LCSs are (time evolving) material fluid curves that act as skeletons for patterns
formed by passively advected tracers. More specifically,
attracting (repelling) LCSs are material fluid curves that
attract (repel) neighboring fluid particles at the highest
rate over a finite interval of time. As such, attracting
LCSs provide a theoretical foundation for the filamentary distributions commonly attained by passive tracers.
Repelling LCSs, in turn, supply a theoretical basis for
sustaining the maximal local stretching fluid regions.
LCSs cannot be revealed visually from the inspection of
velocity field snapshots. Thus, an appropriate technique
is required to detect them. Here we consider finite-time
Lyapunov exponents (FTLEs), which supply a quite practical and robust LCS detection technique (Haller 2001a,b,
2002; Shadden et al. 2005); other diagnostic tools exist
that also reveal LCSs (e.g., Boffetta et al. 2001; Haller
2001b; Joseph and Legras 2002). The forward (backward)
FTLE characterizes the amount of forward (backward)
time stretching about fluid particle trajectories. Ridges of
forward (backward) FTLE field, defined as curves about
which the forward (backward) FTLE falls off fastest,
correspond to regions of maximal repulsion (attraction)
and, thus, generally qualify as LCSs. The FTLE technique
has been applied extensively in recent years (e.g., BeronVera and Olascoaga 2009; Beron-Vera et al. 2008, 2010;

2467

Franco et al. 2007; Green et al. 2007; Lekien and Coulliette
2007; Lekien et al. 2007; Mathur et al. 2007; Olascoaga
et al. 2006, 2008; Padberg et al. 2007; Reniers et al. 2010;
Rypina et al. 2009; Salman et al. 2007; Shadden et al. 2006,
2009). A review on the use of the FTLE technique in LCS
detection is given in Peacock and Dabiri (2010).
A main conclusion of the evaluation presented here
is that the differences between the UPD and REF SSH
anomaly fields distributed by AVISO have a small impact on the statistics of surface ocean mixing as sustained by surface geostrophic currents that use these
SSH anomaly fields in their derivation. This conclusion
is supported by analysis of the probability distribution
functions (PDFs) of the FTLEs computed based on
UPD and REF currents; computation of Eulerian and
Lagrangian autocorrelations calculated using UPD and
REF currents; inspection of the LCS patterns revealed in
the FTLE fields computed using UPD and REF currents;
analysis of the variance spectra of these FTLE fields; and
explicit passive tracer advection calculations based on the
UPD and REF currents. Calculations are carried out in
an ample region of the western North Atlantic Ocean,
which was considered in the study presented by Pascual
et al. (2006), and over 2003, a year for which the UPD
SSH anomaly field record includes information from
four satellite altimeters.
Section 2 offers a description of the two different SSH
anomaly fields considered in this work together with
details of the construction of the total SSH fields employed in the Lagrangian calculations. This section also
provides some specific details of the computation of
FTLEs employed in the extraction of LCSs. In addition,
numerical details of the computation of the various statistics considered are provided in this section. Section
3 presents the results from the FTLE computations
and explicit passive tracer calculations. A summary and
the conclusions of the study are presented in section 4.
An appendix contains some mathematical details.

2. Methods
a. SSH and velocity fields
The two SSH anomaly fields distributed by AVISO
employed in this work differ by the number of satellite
altimeters involved in their construction (Ducet et al.
2000; Le Traon et al. 1998, 2003). One SSH anomaly field
is tagged REF and is constructed using SSH anomaly
measurements made using two altimeters with the same
groundtracks [Ocean Topography Experiment (TOPEX)/
Poseidon 1 European Remote Sensing Satellite (ERS) or
Environmental Satellite (Envisat) 1 Jason-1 or Envisat 1
Jason-2]. The other SSH anomaly field record is tagged
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UPD, which is constructed using SSH anomaly measurements made using up to four satellite altimeters
[TOPEX/Poseidon 1 Envisat 1 Geosat Follow On
(GFO) 1 Jason-1, between October 2002 and September
2005 or Envisat 1 GFO 1 Jason-1 1 Jason-2, between
June and November 2008]. While the sampling is improved
in the UPD field, the quality of the series is not homogeneous as it is in the case of the REF field. These SSH
anomaly field records are provided weekly on a 0.258resolution longitude–latitude grid and are referenced to
a 7-yr (1993–99) mean.
The advection fields used in this study are given by
surface geostrophic currents computed based on total
SSH fields obtained by adding the above SSH anomaly
fields to a 7-yr (1993–99) mean SSH field. The latter is
given by a mean dynamic topography constructed based
on altimetry and in situ measurements and a geoid model
(Rio and Hernandez 2004). The position of a fluid particle on the ocean’s surface is thus assumed to evolve
according to
g secq
› h(l, q, t)
l_ 5  2
a f (q) q

and

g secq
› h(l, q, t).
q_ 51 2
a f (q) l

(1a)

(1b)

Here the overdot stands for time differentiation, l (q)
denotes longitude (latitude), h(l, q, t) is the SSH, f(q) 5
2V sinq is the Coriolis parameter in which V is the
earth’s mean angular speed, a is the earth’s mean radius,
and g is gravity.

b. FTLEs and LCSs
From the aforementioned advection fields, LCSs are
extracted by computing FTLEs. The (largest) FTLE is
given by
stt (x)d(2jtj)1 lnlmax [D(x; t, t)T D(x; t, t)], (2a)
where lmax stands for maximum eigenvalue and
1/2
1 /2
t1t
D(x; t, t) d m[ut1t
t (x)] ›x ut (x)m(x) . (2b)

is the flow map that takes a solution of the
Here ut1t
t
nonautonomous dynamical system (1) at time t to a solution at time t 1 t—that is,




l(t 1 t)
l(t)
ut1t
1 x(t 1 t) 5
;
t :x(t) 5
q(t)
q(t 1 t)
T denotes matrix transposition; and

(2c)

m(x) d
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 2

a cos2 q 0
0
a2

(2d)

is the metric matrix, that is, the arclength element
squared ds2 5 a2 cos2q dl2 1 a2 dq2 5 dxTm(x) dx. A
derivation of (2b) is given in the appendix; for an alternative one, which requires more advanced knowledge
of differential geometry, see Lekien and Ross (2010).
In Shadden et al. (2005) it is demonstrated that the
FTLE is approximately Lagrangian; that is, s_ tt (x) 5
O(jtj1 ). Furthermore, Shadden et al. proved that the
flux across a well-defined ridge of FTLE field, defined as
a curve about which the FTLE falls off fastest, can be
O(jtj21). The significance of the last property is that
FTLE ridges are almost material fluid curves. On the
other hand, the forward (backward) time separation rate
of initially nearby fluid particles is maximal along a ridge
of FTLE field computed in forward (backward) time;
that is, with t . 0 (t , 0). Similar behavior is experienced along repelling (attracting) LCSs defined as the
strongest local repelling (attracting) fluid curves (Haller
and Yuan 2000). Thus, with some caveats (Branicki and
Wiggins 2010; Haller 2002), FTLE ridges constitute quite
good LCS indicators.
Focus in the present work is restricted to attracting
LCSs, which delineate pathways for the evolution of
passively advected tracers and, thus, are most insightful
for the purpose of the present study.2

c. Computational details of FTLEs and other
mixing diagnostics and additional data
The FTLE computations presented below are carried
out by evaluating the derivatives in (2b) using finite
differentiation over a 512 3 512 lattice of initial fluid
particle positions regularly distributed over the region of
the western North Atlantic spanning from 358 to 478N,
518 to 398W (Fig. 1, top). These computations have been
chosen to be carried out over 2003, the year for which
the construction of the UPD SSH anomaly field record
includes information from four satellite altimeters. The
particle trajectory integrations involved in the FTLE
computations are carried out using a time-step-adapting
fourth/fifth-order Runge–Kutta scheme. The required
spatiotemporal interpolations are performed using a linear method. [Higher-order interpolation schemes (Lekien
and Marsden 2005; Mancho et al. 2006) are in general
required to produce accurate trajectory integrations, but

2
In a Lagrangian coastal ocean study Shadden et al. (2009)
found that focus on repelling LCSs was more appropriate. BeronVera et al. (2008) is an example of a Lagrangian ocean study based
on the analysis of both attracting and repelling LCSs.
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FIG. 1. (top) Map showing a portion of the western North Atlantic with the region of study indicated. (bottom)
SSH field snapshots on 21 May 2003 extracted in the region of study, which result from the addition to a mean SSH
field of SSH anomaly fields resulting from combined processing of measurements made by (left) four and (right)
two satellite altimeters. The mean SSH field is a mean dynamic topography computed based on altimetry and in
situ measurements and a geoid model. The two- and four-altimetry SSH anomaly fields are distributed by AVISO
under the tags REF and UPD, respectively. Depicted SSH contours are 0.5–2 m in steps of 0.25 m.

this has not been found necessary here as in analyses
(e.g., Beron-Vera and Olascoaga 2009; Beron-Vera
et al. 2008) based on velocity fields similar to those
considered in this work]. The choice t 5 230 days is
found sufficient to produce FTLE fields that unveil most
of mesoscale LCSs as well LCSs below this scale. Longer
time integration choices, for example, t 5 260 days, as
in Beron-Vera et al. (2008), result mainly in more detailed
LCSs without substantially affecting their position. The
position of the LCSs is not found to be substantially
changed either if the metric is ignored in the FTLE
calculation; that is, if m(x) 5 Id in place of (2d) is used in
(2b). The latter is not a result of the relatively small
meridional extension of the domain considered here, but
rather of the boundedness of the entries of m(x) (Lekien
and Ross 2010).
Probability distribution functions of FTLEs are computed to better understand implications for mixing. The
study of the shape of the PDFs and their sensitivity, or
lack thereof, to whether the FTLE is computed based on

UPD or REF currents allows one to make inferences
about the nature of mixing. The PDFs shown below
correspond to normalized histograms constructed by
binning FTLE records into equally spaced containers,
counting the number of elements within each container,
and normalizing such that the probability in the interval
of interest equals unity.
One-dimensional spectrum computations are carried
out to gain further insight into the FTLE calculations.
These computations allow one to test the inferences
made based on the analysis of the PDFs against known
results from turbulence phenomenology. The computations are carried out as in Errico (1985) using a fast
Fourier transform (FFT) by previously removing any
linear trends from the FTLE fields inside the region of
interest. This allows one to formally apply FFTs and also
prevents the smaller unresolved scales from being aliased
by larger unresolved scales. A one-dimensional spectrum
is determined by first computing the corresponding twodimensional spectrum using the FFT and then summing
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FIG. 2. Normalized PDFs of 30-day backward FTLEs computed
weekly during 2003 based on UPD and REF currents in the domain
shown in the top panel of Fig. 1. The UPD (REF) currents are
derived geostrophically from SSH fields with UPD (REF) SSH
anomalies.

the density within a discrete annulus in the two-dimensional
wavenumber space, where a one-dimensional wavenumber
is defined as the central radius of that annulus.
Finally, to study the validity of the FTLE calculations
some FTLE fields are compared against satellite-tracked
drogue drifter trajectory data. These data consist of daily
drifter positions subsampled from raw drifter positions,
previously low-pass filtered with a 5-day cutoff.

3. Results
The bottom-left panel (bottom-right panel) of Fig. 1
shows a snapshot of UPD (REF) SSH field on 21 May
2003 extracted in the region of study. Although the features seen in these SSH field snapshots are in general
similar, they exhibit some differences: most notably, the
depression roughly located near the center of the region,
which occupies a larger area in the UPD field than in the
REF field. Similar differences were pointed out by Pascual
et al. (2006), who, as noted above, considered similar SSH
field records as those considered here. The extent to which
these differences have a substantial impact on mixing is
investigated in the subsections that follow.

a. PDFs of FTLEs
Information on the nature of mixing can be extracted
from the statistics of FTLEs. Figure 2 shows normalized
PDFs of (backward) FTLEs, P(s), computed based on
UPD and REF currents in the domain of study. Each
PDF is constructed using a weekly record of FTLEs for
the interval 1 January through 31 December 2003. The
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PDFs are very similar, both exhibiting a Gaussian core with
a long tail toward large (backward time) stretching rates.
The non-Gaussian nature of the PDFs suggests that
mixing is quite heterogeneous. To understand this, consider the case of a stationary stochastic system wherein
trajectories randomly survey the entire phase space. In this
case one expects the PDF to be a Gaussian, narrowing as
the integration time increases and converging to a delta
function at the LE in the infinite-time limit. For a system
wherein both regular and irregular trajectories coexist,
which means that trajectories cannot uniformly sample the
phase space, the PDF cannot be expected to be Gaussian
but rather multimodal, with each extremum roughly centered at the infinite-time LE within each irregular motion
region. Thus, roughly speaking, the broader (narrower)
the PDF, the more heterogeneous (homogeneous) the
mixing (e.g., Shepherd et al. 2000). [Additional results on
the relationship between PDFs of FTLEs and mixing
properties can be found in Beigie et al. (1993), Liu et al.
(1994), and Tomsovic and Lakshminarayan (2007).]
Similar non-Gaussian FTLE statistics were reported
in global (Beron-Vera et al. 2008; Waugh and Abraham
2008) and regional (Abraham and Bowen 2002; Rossi
et al. 2009; Waugh et al. 2006) ocean studies based on
UPD currents. The PDFs shown in Fig. 2 are fairly well
fitted by a log–Weibull model,
P(s) ;



1
As
As
,
exp
exp exp
A
B
B

(3)

where A ’ 0.03 day21 and B ’ 0.02 day21. A fit similar
to (3) that captures the strongly skewed nature of the
PDFs toward large stretching rates has been proposed
and argued to be universal (Waugh and Abraham 2008).
The differences between fit (3) and the one in Waugh
and Abraham (log–Weibull versus Weibull) are attributed to differences in the FTLE calculations. Unlike the
FTLEs computed by Waugh and Abraham (2008), the
FTLEs as computed here are not enforced to be nonnegative. As a result, small tails toward negative FTLE
values are seen in the PDFs depicted in Fig. 2, which
explain the differences in the fits (only in the strictly
nondivergent velocity field case on a Cartesian plane these
tails can be guaranteed to be absent because the sum of
the largest and smallest FTLEs must vanish).
The reported close similarity of the PDFs of FTLEs
computed using UPD and REF currents suggests that
the differences between the SSH anomaly records employed in their construction have a small impact on
mixing. In other words, mixing as sustained by altimetryderived currents appears to be largely insensitive to their
resolution. It must be noted, however, that UPD currents actually have the same spatiotemporal resolution
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as REF currents. However, they differ as a result of the
consideration of different amounts of altimetric measurements in the SSH anomaly fields employed in their
construction. These differences nevertheless play a
similar role as the differences between a given velocity
field and that corresponding to a truncation in space and/
or time of the latter. Resolution-independent mixing
is consistent with the notion of ‘‘chaotic mixing’’ but
is inconsistent with the notion of ‘‘turbulent mixing’’
(Shepherd et al. 2000). Chaotic mixing refers to a situation wherein the advection field is spatially quasi coherent and temporally quasi regular on time scales over
which the fluid particle motion is predominantly irregular; in contrast, turbulent mixing refers to a situation
wherein both the velocity field is spatiotemporally incoherent and the fluid particle motion is irregular (Brown
and Smith 1991; Shepherd et al. 2000; Swanson and
Pierrehumbert 1997). The analyses presented below are
aimed at providing support to the idea that mixing as
sustained by altimetry-derived currents is most easily
described as being chaotic than turbulent.
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FIG. 3. (top) Eulerian and (bottom) Lagrangian autocorrelation
function estimates based on UPD and REF currents.

b. Eulerian versus Lagrangian correlation times
We start by considering Eulerian and Lagrangian autocorrelations of velocity derivatives [or derivatives of
the rhs of (1) to be more precise]. The latter control
relative dispersion of fluid particles, and thus inspection
of their autocorrelations allows one to make inferences
about the persistence of the strain field.
Given a function q(t) on the interval t 2 [0, T ], the lagm autocorrelation r(m) is given by
ð Tm
1
[q(t)  q][q(t 1 m)  q] dt
T m 0
, (4)
r(m)d
ð
1 T
2
[q(t)  q] dt
T 0
ÐT
where q 5 T 1 0 q(t) dt. An Eulerian autocorrelation
is obtained when q(t) is the time series that results from
evaluating a certain variable Q(x, t) at a fixed location
x0; that is, Q(x0, t) 5 q(t). A Lagrangian autocorrelation
is obtained when q(t) is the time series that results
from evaluating Q(x, t) along the trajectory utt (x0 ) of
0
a fluid particle that at time t0 was located at x0; that is,
Q[utt (x0 ), t] 5 q(t).
0
Figure 3 shows Eulerian, r E(m), and Lagrangian,
L
r (m), autocorrelation curves of the derivative in the
(nearly) along Gulf Stream direction of the velocity in
the same direction (other velocity derivatives produce
similar results). Each curve shown in the figure corresponds to an average over an ensemble of autocorrelation curves computed over 2003. The Eulerian and
Lagrangian autocorrelation curves inferred using UPD

and REF currents are nearly identical, both exhibiting
an approximately exponential decay with time. The Lagrangian autocorrelation is effectively zero after 60 days,
whereas the Eulerian autocorrelation decreases much
more slowly and is not seen to vanish even after 150 days.
Hence there seems to be a finite Lagrangian autocorrelation time and an undetermined (or at least a fairly
much longer) Eulerian autocorrelation time (estimated
e-folding time scales are 5 days for the Lagrangian
autocorrelation and 15 days for the Eulerian autocorrelation). This suggests that the Lagrangian evolution is
more irregular than the driving Eulerian flow and, hence,
that altimetry-derived currents sustain mixing that can be
more fairly characterized as being chaotic than turbulent.

c. Inspection of LCS patterns
We now turn to the qualitative analysis of (attracting)
LCSs, which, as noted above, control the evolution of
passively advected tracers. The right (left) panel of Fig. 4
shows a snapshot of the FTLE field on 21 May 2003
computed based on UPD (REF) surface geostrophic
currents. Negative FTLE values are not shown in the
figure to allow for a better identification of LCSs (these
values, however, tend to occur only in very localized
regions). LCSs roughly correspond to the highly convoluted narrow bands of brightest white tones in each
panel. Note the rich variety of features revealed. It is
important to note that the scales of theses features are
not constrained by the spatial resolution scale of the
velocity field, which is ;35 km. The FTLEs can be, and
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FIG. 4. FTLE field snapshot on 21 May 2003 computed based on (left) UPD and (right) REF currents. LCSs are
identified with locally maximizing curves or ridges of the FTLE field. These roughly correspond to the highly convoluted narrow bands of brightest white tones in each panel.

have been, calculated on a grid finer than that the one on
which the velocity field is defined. Here such a calculation is carried out on an ;0.0258 resolution grid, which is
10 times finer than that one on which the velocity field is
defined. The figure reveals filaments whose widths can
be ,35 km, which wrap around themselves. The fine
texture of the resulting LCS pattern is characteristic of
chaotic mixing; this contrasts with turbulent mixing in
whose case the associated LCS pattern is characterized
by substantial small-scale wiggling (Bartello 2000). The
features revealed in the figure are not apparent in, and
cannot be guessed from, the corresponding SSH fields
shown for the same date in the bottom panels of Fig. 1.
Consistent with the analysis of the PDFs of FTLEs, the
main traits of the LCS pattern produced by UPD currents are captured by that produced by REF currents.
Only details of this pattern are different. For instance,
details of the dipolar vortex, identified with a mushroomlike LCS near the center of the domain, are different. The
noted differences can only produce differences on the
deterministic calculation of the trajectory of a particular
fluid particle. However, because the noted differences
are not too large either, the statistics of mixing are not
expected to be impacted substantially. This is consistent
with the above analysis of PDFs of FTLEs and Eulerian
and Lagrangian autocorrelations and is further supported by the analysis of additional mixing diagnostics
presented below.

d. Comparison with drifter trajectory data
Before turning to the analysis of additional mixing diagnostics, the validity of the FTLE computations is assessed by comparing the trajectory of a satellite-tracked

drifter with the evolution of the LCSs extracted from
UPD (Fig. 5, top two rows) and REF (Fig. 5, bottom two
rows) currents. The evolution of the LCSs is manifested
in the change of position and shape of the ridges in the
FTLE fields (in grayscale), which are shown every two
days during the entire tracking interval of the drifter.
The drifter’s instantaneous position is indicated by a
yellow dot with a red border; the yellow curve represents
the drifter’s past trajectory. For the case of UPD currents the agreement between the drifter’s change in
position and LCS deformation is remarkably good, despite that UPD currents are coarse, purely geostrophic
currents (e.g., Ekman drift effects are not considered
here). In fact, on 14 May 2003 the drifter is seen to lie
well within the core of the cyclonic vortex (the LCS filaments wrap around clockwise) that compose the dipolar vortex sustained by UPD currents discussed in
section 3c. At all times shown the drifter position falls
well inside this cyclonic vortex, which propagates westward. Moreover, the drifter is not only seen to lie well
inside the cyclonic vortex at all times shown but also to
nearly follow the evolution of the LCSs that define this
vortex. For the case of REF currents, the agreement
between the drifter’s change in position and LCS evolution cannot be claimed to be so good. The disparities
in this case are consistent with the noted discrepancies
between details of the LCSs extracted from UPD and
REF currents, which constrain the ability of REF currents, with respect to that of UPD currents, to produce
deterministic passive tracer advection calculations.
The entire trajectory of the same drifter considered
here is compared in Pascual et al. (2006) with two instantaneous SSH field snapshots, one constructed using
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FIG. 5. Sequence of selected snapshots of FTLE field computed based on (top) UPD and (bottom) REF currents (grayscale) with
the instantaneous position (yellow dot with red border) and past trajectory (yellow curve) of a satellite-tracked drogue drifter
overlaid.

SSH anomalies that involved measurements acquired by
four altimeters and the other using SSH anomalies that
used measurements taken by two altimeters. That comparison is presented in support of the conclusion that
currents can be better inferred using the SSH anomalies
that include measurements from more altimeters. It
might be argued that, during the relatively short time

interval over which the drifter’s position is tracked, the
altimetry-derived currents are approximately steady,
thereby justifying the comparison made by Pascual
et al. However, Fig. 5 reveals that the deformation experienced by the LCSs is not negligible, thereby making
the comparison of the drifter trajectory with SSH contours inappropriate.
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FIG. 6. Variance spectrum estimate of the difference between
FTLEs computed using UPD and REF currents (thin curve) and of
FTLEs computed using UPD currents (bold curve) on 21 May 2003
as a function of total horizontal wavenumber. The dashed curve,
shown for reference, is labeled by its wavenumber dependence.

e. Spectra of FTLEs
The differences between the LCS patterns supported
by UPD and REF currents are now analyzed in more
detail. This is done as in Bartello (2000) by considering
the variance spectrum of the difference between the
FTLE fields computed using UPD and REF currents.
Let u1(x) and u2(x) be any two fields and define the
variance spectrum of each field and of their difference,
respectively, by the following relationships:
ð
1
hun (x)2 ie Eu (k) dk,
n
2
ð
1
h[u1 (x)  u2 (x)]2 ie Edu (k) dk,
4

n 5 1, 2, and

(5)

(6)

where the angle bracket denotes average and k is the
total wavenumber. If u1(x) and u2(x) are completely
decorrelated (hu1u2i 5 0) but have the same variance
(hu21i 5 hu22i), then Eu 5 Eu 5 Edu , which indicates a
1
2
total lack of ‘‘forecast skill’’ of one variable with respect
to another. Figure 6 shows numerical estimates of the
variance spectrum of the differences between the FTLE
fields computed using UPD and REF currents (thin
curve) and of the FTLE field computed using UPD
currents (bold curve) on 21 May 2003. Note that the
error committed by making passive tracer calculations
based on REF currents with respect to UPD currents
decreases with increasing length scales and is important
for length scales below roughly 110 km. This length scale,
however, seems to be somewhat larger than that one that
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may be inferred from visual comparison of the LCS
patterns extracted from UPD and REF currents.
Consistent with the notion discussed above that passive tracer mixing is dominated by chaotic mixing, the
slope of the variance spectrum of the FTLE field is
computed using UPD currents a ’ 21 or greater above
roughly 20 km. To understand this, recall that the FTLE
behaves almost as a passive tracer, which allows one to
attempt applying two-dimensional turbulence phenomenology (Batchelor 1959; Kraichnan 1971; Obhukov
1949). The latter supports the notion that, if a 5 21,
then there exists a single characteristic time scale of
tracer variance transfer, which is set by the large-scale
components of the velocity field. As a consequence,
passive tracer evolution at a given scale is governed by
velocity field features at a larger scale (Babiano et al.
1985). This passive tracer evolution regime is referred to
as spectrally nonlocal, which contrasts with the spectrally local regime wherein passive tracer evolution at
a given scale is governed by velocity field features at
a comparable scale (Bennett 1984). Chaotic mixing can
be seen as a special case of spectrally nonlocal dynamics,
whereas it is not consistent with spectrally local dynamics. In terms of the kinetic energy spectral slope, say
b, the spectrally nonlocal regime is characterized by a
steep slope (b , 23), whereas the spectrally local regime is characterized by a more gentle slope (b . 23).
According to two-dimensional turbulence phenomenology, the present FTLE calculations suggest b ’ 23
or smaller above roughly 20 km. This is partly verified
by computations of kinetic energy spectra (not shown),
which suggest b , 23 for length scales larger than
roughly 50 km (below that scale no reliable information
can be extracted because the velocity field resolution
scale is approximately 35 km). This result is consistent
with recent computations (Isern-Fontanet et al. 2006)
that suggest b , 23 based on the analysis of altimetric
SSH maps. Also, it is partly consistent with earlier calculations (Stammer 1997; Stewart et al. 1996) of kinetic
energy spectra inferred from variance spectra of altimetric SSH anomaly measurements along groundtracks,
which suggested that b ’ 23 for length scales O(10–
500 km). However, recent similar computations (Le
Traon et al. 2008) seem to suggest that b . 23. It must
be noted that Armi and Flament (1985) have made some
cautionary remarks about the spectral interpretation of
mixing regimes, which demands the analysis of other
diagnostics for their interpretation as is done here.

f. Passive tracer advection calculations
Passive tracer advection experiments are described
now that consist in tracking the evolution of a circularshaped tracer patch composed of 106 marked (synthetic)
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FIG. 7. Sequence of selected snapshots of the evolution of a passive tracer patch (yellow dots) for calculations based on UPD and REF
currents. On each date shown, the passive tracer patch is depicted overlaid on the corresponding FTLE field distribution (grayscale) and
SSH field selected contours (red curves). The passive tracer patch on 14 May 2003 takes a circular shape and is composed of 106 marked
(synthetic) fluid particles. Note that the center of the initially circular passive tracer patch for the evolution labeled REF-b is slightly
displaced with respect to that for the evolutions labeled UPD and REF-a.

fluid particles as advected by UPD (Fig. 7, left) and REF
(Fig. 7, middle and right) currents. The positions of the
fluid particles on each date are depicted (in yellow)
overlaid on the corresponding FTLE field distribution
(in grayscale) and SSH field selected contours (in red).
For evolutions shown in the left and middle panels (referred to as UPD and REF-a) the center of the circular
tracer patch is chosen to be located on 14 May 2003 near
the core of the cyclonic vortex that conforms to the dipolar vortex sustained by UPD currents, discussed in
section 3c. For the evolution shown in the right panels

(referred to as REF-b) the center of the circular tracer
patch is chosen to lie on the same date near the core of the
cyclonic vortex that compose the dipolar vortex sustained
by REF currents, also discussed in section 3c. Several
points are noteworthy. First, independent of whether
advection is provided by either UPD or REF currents
and of the initial condition, the tracer evolves very tightly
following the evolution of the LCSs. This explicitly
demonstrates that the LCSs demarcate pathways for
the evolution of passively advected tracers. Second,
consistent with the fine texture of the features that
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characterize the LCS patterns, tracer evolution takes on
similar fine textured patterns, which are characteristic of
chaotic mixing. Third, although the closed SHH contours that surround the tracer patches on 14 May 2003
for evolutions UPD and REF-b propagate primarily
westward, a large number of tracers is ejected outside
the SSH contours and transported mainly in an eastward
direction. Thus, vortices, defined by closed SSH contours (streamlines) in a reference frame attached to the
earth, cannot always be claimed to constitute traps that
transport slugs of fluid over distances as large as commonly assumed (e.g., Goni and Johns 2001; Witter and
Gordon 1999). Fourth, evolutions UPD, REF-a, and
REF-b are not seen to be identical but still have qualitatively similar traits. The differences are consistent with
the noted disparities in the details of the LCS patterns,
which suggested that deterministic passive tracer advection calculations based on UPD and REF currents
should not be identical. The qualitative similarities are
consistent with the noted close resemblance between the
PDFs of FTLEs computed based on UPD and REF
currents, which suggested that the statistics of mixing
should be similar. Fifth, the differences in the tracer
distributions when advection is supplied by UPD and
REF currents can be substantially narrowed by appropriately choosing the initial position of the tracer patch.
This clearly follows from the comparison of evolutions
UPD and REF-b.
In support of the third through fifth points above, Fig. 8
shows time series of the percentage of marked fluid
particles found inside, north, south, east, and west of the
domain where evolutions UPD, REF-a, and REF-b depicted in Fig. 7 take place. A common feature of all
evolutions is that after a year or so most of the tracer has
left the domain. The escape rate is similar for evolutions
UPD and REF-b, both being faster than that for evolution REF-a. In exiting the domain the tracer takes a
mostly east-northeastward path for evolutions UPD and
REF-b, while a mainly east-southeastward path for evolution REF-a. The escape rates through the northern and
eastern boundaries are similar for evolutions UPD and
REF-b, with the escape rate through the eastern boundary
being larger than that through the northern boundary.
The escape rate through the southern boundary is smaller
than that through the eastward boundary for evolution
REF-a, with the escape rate through the eastern boundary, albeit considerable, being smaller than that for either
evolution UPD or REF-b.

4. Summary and conclusions
We have investigated the effects on surface ocean mixing of the differences between two altimetry products
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FIG. 8. Time series starting on 14 May 2003 of percentage of
marked fluid particles lying inside, north, south, east, and west of
the domain spanning 358–478N, 518–398W for marked fluid particles
whose evolutions within this domain are shown in Fig. 7 under
labels UPD, REF-a, and REF-b.

distributed by AVISO. One product, tagged REF, is given
by a sea surface height (SSH) anomaly field constructed
using measurements made by two satellite altimeters. The
other product, tagged UPD, is given by an SSH anomaly
field built using measurements made by up to four satellite
altimeters. Focus in this work was placed on a region of
the western North Atlantic in 2003, the year for which the
UPD product includes information from four satellite
altimeters. The same region in 2003 was considered in
a recent assessment of the differences between SSH
anomaly field records similar to those considered here.
The present assessment extended that study by taking
into consideration implications for mixing with an emphasis on the extraction of Lagrangian coherent structures (LCSs).
Hidden in the flow, LCSs are the strongest local
attracting or repelling material fluid curves. As such,
LCSs compose the backbone of the Lagrangian circulation; that is, they entirely control the mixing of passively advected tracers. Attracting LCSs, in particular,
supply a theoretical sustain for the filaments often observed in distributions of tracers passively advected by
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unsteady velocity fields. This type of LCSs was here extracted from surface geostrophic currents computed using
the above two SSH anomalies superimposed on a mean
SSH field resulting from the combined use of altimetry
and in situ measurements and a geoid model. Ridges
of finite-time (backward) Lyapunov exponents (FTLEs)
were employed as LCS detectors.
The main traits of the LCS patterns produced by currents derived using UPD and REF SSH anomalies (UPD
and REF currents, respectively) were found to be generally quite similar. This finding was found consistent
with the analysis of the probability distribution functions
(PDFs) of FTLEs computed using UPD and REF currents. The PDFs were found to be very similar, both
being strongly skewed toward large (backward time)
stretching rates and suggesting highly heterogeneous
mixing. The observed similarity of the PDFs suggested
resolution-independent mixing, consistent with a regime dominated by chaotic mixing, as opposed to turbulent mixing. This notion was supported by the slower
decay rate of Eulerian autocorrelations compared to
Lagrangian autocorrelations. The fine textured patterns
formed by the computed LCSs further supported the
notion that chaotic mixing plays a dominant role. The
results from explicit passive tracer advection calculations served to illustrate how the deformation of LCSs
over time controls the evolution of a passive tracer patch.
Consistent with the differences in the details of the LCS
patterns, the distributions acquired by a given tracer
patch while advected by UPD and REF currents also
showed differences, which were narrowed by an appropriate choice of the initial position of the tracer
patch. This was possible because the most salient features of the LCS patterns extracted from UPD currents,
albeit distorted, were found to be present in those extracted from REF currents. Contrary to popular wisdom,
the tracer calculations provided a demonstration for the
fact that closed SSH contours do not generally constitute
traps for passive tracers. A comparison of the evolution of
the computed LCSs over time with the change in position
of a satellite-tracked drifting buoy was also offered. This
provided support for the results from the FTLE computations, which were found to be consistent with prior
FTLE calculations based on UPD currents in regions of
the World Ocean and time spans different than those
considered here.
A main conclusion of this study is that the differences
between the REF and UPD SHH anomaly field records
have a small impact on the statistics of surface ocean
mixing as supported by surface geostrophic currents that
use these SSH anomaly field records in their construction. No attempt was made to make inferences about
the effects of the scales not resolved by UPD currents,

except that the extracted LCSs showed consistency with
the trajectory of a satellite-tracked drifting buoy over a
relatively short period of time (roughly 30 days). Consistent with recent studies on the effects of those unresolved scales on surface ocean mixing (e.g., Capet et al.
2008; Klein and Lapeyre 2009; Mahadevan and Tandon
2006), surface geostrophic currents produced by a highresolution global general circulation ocean model suggest
that surface ocean mixing may be more homogeneous
than expected from current low-resolution groundtrack
altimetry (Beron-Vera 2010). Validation of this result,
however, demands appropriate measurements, which
may be supplied by next-generation high-resolution wideswath altimetry.
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APPENDIX
Computation of FTLEs on Non-Cartesian
Phase Spaces
Let fxig, i 5 1, . . . , n, be the coordinates, not necessarily orthogonal, of point x on an n-space S on which
the arclength element squared ds2 5 dxTm(x)/dx, where
m(x) is a symmetric and positive-definite matrix and x 5
(xi) is understood as a column vector.A1 The norm induced by this metric kakx 5 [aTm(x)a]1/2 for any vector
a; in particular, kdxkx 5 ds. If S is the Cartesian n space,
that is, S 5 Rn, then ds2 5 dxTdx; that is, m(x) 5 Id.
Assume now that S constitutes the phase space of
a nonautonomous dynamical system, which is given by

A1

More precisely, S is an n manifold (i.e., diffeomorphisms exist
between open subsets of S and Rn that completely cover S), which
is endowed with a Riemannian metric.
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x_ 5 X(x, t)

(A1)

for a certain time-dependent vector field X(x, t). Let
urt :S ! S;

(A2)

x(t)1x(r)

be the flow map. The FTLE,
srt (x) d

1
lnmax
jtj u6¼0

Finally, when the coordinates of the phase space are
orthogonal, such as the geographic coordinates (l, q) on
a sphere of radius a as considered in this work, the metric
matrix m(x) has diagonal form [cf. (2d)]. In this case,
D(x) 5 m(x) and V(x) 5 Id, which reduces (A6c) to (2b).
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