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ABSTRACT

A linear primitive equation model has been used to test the hypothesis that the vertical structure of observed
Caribbean easterly waves is determined by the interaction between convective heating and the environmental
wind. The model determines the response to a propagating heat source in a specified basic state. The model
allows for the inclusion of diffusion and cumulus momentum transports. The linear perturbations are assumed
to have the form of a single Fourier component in the zonal direction. The frequency and zonal wavelength of
the disturbance are taken from observations of the three-dimensional structure of a series of Caribbean easterly
waves made by Shapiro. The structure of the basic state zonal wind, assumed to be a function of height, is based
on observations near the latitude of largest observed wave amplitude. The maximum heating rate is 5 K day™,
centered at about 19°N.

Very good agreement is found between the model-derived vertical structure of the waves and that observed
by Shapiro (1986). In particular, the observed 90° westward phase shift between the 200 mb and near-surface
troughs, and the westward tilt of the trough axis with height, are reproduced in the model solutions. Although
linearization is not strictly valid for the observed wind amplitudes of ~5 m s™!, the model’s linear dynamical
framework appears to represent the wave’s structure well. The westward phase shift is found to depend on the
downward flux of wave energy toward a near-critical layer near the ground. Experiments also suggest that the
latitude of the disturbance may be as important a factor in the determination of the westward tilt of the trough
axis as is the structure of the basic state zonal wind. An eastward tilt of the trough axis in the lower troposphere,
such as that in the classical model of a Caribbean easterly wave, can occur at low latitudes, when the westward
phase shift is in a narrow layer near the level of maximum heating. Cumulus momentum transports do not
substantially change the structure of the forced wave disturbance. The model solutions are compared with

similar experiments of Holton, and are related to results of Stevens, Lindzen and Shapiro.

1. Introduction

Once every 3 or 4 days during the summer months,
a disturbance propagates westward from Africa across
the tropical Atlantic. Most of the systems, which are
generally associated with substantial convective activ-
ity, continue into the Caribbean. Some may develop
circulations that evolve into depressions, then stronger
tropical storms and finally hurricanes. Riehl (1954)
summarized the properties of easterly waves in the Ca-
ribbean, based on several case studies. His description
became the “classical” model for these waves. The
properties described by Riehl included an eastward tilt
of the wave trough axis' with height, and a surface

! On time-height sections, the easterly wave trough is usually tracked
by a shift in the sign of the meridional wind, which is more easily
followed than the pressure minimum. The wind or pressure troughs
are generally coincident with a maximum in disturbance vorticity,
which is also used to define the wave trough.
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trough to the west of the region of maximum precip-
itation,

Since Riehl’s studies, a more complex picture has
emerged. Recently, Shapiro analyzed the three-
dimensional structure of a series of easterly waves in
the Atlantic and Caribbean regions. His study was con-
fined to an analysis of the wind field. In contrast to the
classical model presented by Riehl (1954), Shapiro
found a westward tilt of the trough axis with height. In
particular, both the vorticity and the meridional ve-
locity consistently evidenced a near 90° westward phase
shift at 200 mb relative to the lower troposphere. Sha-
piro (1986) reviewed previous studies that had found a
similar westward shift for stronger systems [Colén and
Nightingale (1963), Fett (1966), Yanai (1968)]. Burpee
(1980), using a composite analysis in the Caribbean
region during the GARP Atlantic Tropical Experiment,
found a moderate eastward tilt of the trough axis up
to ~700 mb, with a strong westward tilt above. As in
Shapiro’s study, Burpee’s composite trough had a 90°
westward phase shift of the 200 mb level relative to
700 mb.

Holton (1971) developed a simple model to analyze
the structure of linear forced wave disturbances in the
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presence of vertical shear of the mean zonal wind. The
model was used to compare the structures of the waves
in different environments. Holton’s case I had a resting
basic state, while his case II had a mean wind with
westerly shear from the surface up to ~12 km. The
latter profile was considered to be typical of the easterly
trade wind regime. Solutions for case II indicated a
surface trough to the west of the heating maximum
and an eastward tilt with height. Both features were
similar to those described by Riehl (1954). Holton
concluded that westerly shear of the mean zonal wind
is necessary to produce the classical easterly wave
structure. With an easterly shear (his case III), the
trough axis tilted westward with height.

The present study provides a comparison of observed
and model-derived structures of Caribbean easterly
waves. As in Holton’s model, the diabatic heat source
that drives the waves is specified. Since the convective
source is not parameterized in terms of the large-scale
fields, feedback from the wave to the heating is explic-
itly excluded. Thus, the study provides the consistent
dynamic structure of the forced wave response, given
the convective source, but cannot itself provide a theory
for the presence of the coupled wave/convection sys-
tem. The linear model used to diagnose the waves’
structure is described in section 2. This model is more
flexible than Holton’s, since both boundary layer dif-
fusion and cumulus momentum transports can be in-
cluded. In section 3, the response to a propagating heat
source is evaluated for waves with constant Doppler-
shifted frequency. These experiments set the framework
for interpretation of the wave structure in a more re-
alistic basic state. The wave parameters and the struc-
ture of the mean zonal wind observed in Shapiro’s
(1986) study are used in section 4. The hypothesis is
tested that the vertical structure of the waves observed
by Shapiro, including their westward tilt, was deter-
mined by the interaction, in the linear dynamical
framework, of convective heating and the environ-
mental wind. The role of the vertical flux of energy
and the latitude of the heating in determining the
structure are evaluated. Section 5 uses a mean zonal
wind corresponding to that used in Holton’s (1971)
case II to isolate the reason for the eastward tilt found
in his study and, by inference, in the classical easterly
wave model. The results are summarized and discussed
in section 6.

2. The model

The model used in the present study was developed
by Stevens and Ciesielski (1984). A description of the
model is given by Rosenlof et al. (1986). The equations
are formulated on a sphere, using the hydrostatic ap-
proximation. Primitive equations are used, linearized
with respect to a steady basic state. The basic state
quantities are designated by an overbar, and the per-
turbation quantities by a prime. In the present study
the basic state wind is purely zonal, u = (#(0, z), 0), a
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function of latitude and height. The symbols used here
and elsewhere in the paper are listed in appendix A.
The basic state wind is assumed to be in gradient ther-
mal wind balance with the temperature field, 7(4, z),
which is developed from the Jordan (1958) mean trop-
ical sounding for the hurricane season, applied at the
latitude of maximum heating. The linear perturbations
are assumed to have the form of a single Fourier com-
ponent in the zonal direction, proportional to exp[i(—ot
+ sA)], with s > 0. The model requires specification of
the zonal wavenumber and frequency of the forced
wave disturbance. For a westward propagating distur-
bance, ¢ < 0.

Vertical diffusion of heat and momentum is incor-
porated in the model. In addition, cumulus momentum
transports can be invoked, as described in detail in
appendix C. Neither of these processes were included
in Holton’s (1971) model. In the present model for-
mulation, some diffusion is required to obtain the nu-
merical solution. A very small “background” kinematic
eddy viscosity, »= 1 m?s~', is used. Even for a vertical
scale as small as 1 km,; this viscosity is associated with
a diffusive time scale > 10 days. In some experiments,
enhanced boundary layer diffusion (described below)
is also included to represent vertical mixing near the
surface. :

In all experiments in the present paper the specified
diabatic heat source Q' that forces the response has the
structure in the meridional plane shown in Fig. 1. The
analytic form of the vertical dependence of the heating
is given in Eq. (8) of Rosenlof et al. (1986). The heating
goes to zero at p = 150 and 1000 mb, with a maximum
local heating rate of 5 K day™' located at 400 mb. The
vertical level of this maximum is near that typically
observed for tropical systems (e.g., see Johnson, 1984).
The total vertically integrated heating is chosen to cor-
respond to a maximum perturbation precipitation rate
of 1 cm/day. This rate is somewhat less than that used
in Holton (1971). The meridional structure of the
heating is Gaussian, with a decay scale of 3° lat (about
300 km). The latitude of the maximum heating in Fig.
1 is 9.4°N, though for some experiments the heating
will be placed at a higher latitude. The model grid
points are indicated on the top and left-hand borders.
The model is run with equally spaced grid points in
the vertical coordinate, log-pressure (z), with ten grid
points per scale height, and in the meridional coordi-
nate, sinf, with spacing at the equator about 2° of lat
(~200 km).

At the lower boundary, the physical vertical velocity
is set to zero, and a bulk aerodynamic parameterization
of the surface stress is used, with (v/H)du'/dz = (1.6
X 1073}(8 m s~')u’; an analogous relation applies to 7.
Boundary layer diffusion of momentum and temper-
ature are simulated by inclusion of a surface kinematic
coefficient of viscosity and thermal diffusion, v = 25
m? s7'. At z = 0.1, the lowest model level above the
surface, the value of the coefficient is reduced to one-
half of its surface value. Together with the surface stress
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FIG. 1. Distribution of perturbation diabatic heat source, Q'.

parameterization, this value gives an effective damping
time for boundary layer friction, and thermal damping,
of ~2.1 days.

At the upper boundary, the vertical derivatives of
w, 7" and pw' are set equal to zero. In all experiments,
except as noted in section 3, the response to the heating
decays with height to a small magnitude well below
the upper boundary. The meridional velocity is set to
zero at the northern and southern boundaries, each
about 20° of latitude from the heating maximum.
When significant energy appeared near the southern
boundary, the domain was extended 20° to the south,
and the number of grid points was increased so as to
retain nearly the same grid resolution as in the smaller
domain. All meridional cross sections will display the
entire domain; the location of the maximum heating
is marked by an “X”. Further details of the model
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formulation can be found in the report by Stevens and
Ciesielski (1984) or the paper by Rosenlof et al. (1986).

3. Constant intrinsic frequency

As a prelude to the use of more realistic basic state
zonal wind profiles, the response to the propagating
heat source is evaluated in zonal winds that give a con-
stant intrinsic (Doppler-shifted) frequency for the wave.
These idealized experiments elucidate the role of the
wave period in the determination of the structure of
the response, and provide a framework for the inter-
pretation of the more realistic cases. The response to
the heating is first evaluated in a resting basic state (i
= 0), as in Holton’s (1971) case L. The frequency and
wavenumber of the forced wave disturbance are the
same as Holton’s (1971) values. The parameters for
the experiments presented in this paper are summarized
in Table 1. The wave period in this first experiment,
designated experiment A, is specified to be 5 days. The
heating distribution, shown in Fig. 1, is centered at
9.4°N, the closest grid point to the latitude 9°N used
in Holton’s (1971) experiments. The heating maximum
at 400 mb is lower than Holton’s maximum at 12 km
(about 250 mb), and is more representative of current
observational evidence. Neither enhanced boundary
layer diffusion nor cumulus momentum transports
were included. Although Holton included an explicit
scale-independent dissipation (Rayleigh friction and
Newtonian cooling) with a damping time of 2.65 days,
the present experiment has no such damping. The first
two panels in Fig. 2 show the vertical and meridional
distribution of the amplitude of the perturbation wind
components for experiment A. The following panels
show the amplitude and phase at the latitude of max-
imum heating of the zonal and meridional winds, the
vorticity, divergence, geopotential and thermodynamic
terms. The phase, which has periodicity of 360°, is
displayed so that the heating maximum occurs at phase
0° and east is to the right.

Even though there is no explicit scale-independent
dissipation, the results of experiment A are very similar
to those of Holton’s case I, including the magnitude
and distribution of the meridional wind, v’. The max-

TABLE 1. Summary of experiment parameters. Note that all experiments in this Table have no cumulus friction.

Boundary
Wave period layer
Experiment Figure No. s (days) Heating lat viscous ? #(z); intrinsic frequency
A 2 10 5.0 9.4°N No #=0;0=¢=—2x/(5 days)
B 3 11 18.8°N No & = —2x/(21 days)
C 5, 6a 11 45 18.8°N 25 m?s™! u = U(z) cosf/cos(18.8°)
tio(z) from Fig. 4b

] (Caribbean)

D 8, 9a 10 5.0 9.4°N 25m?s! u = tiy(z) cosh

i(z) from Fig. 7
(Holton, case II)
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Fi1G. 2. (a) Experiment A. Meridional and vertical distﬁbuﬁon of the amplitude of the zonal wind (u’), and meridional
wind (v'). Position of maximum heating is shown by a cross. (b) Experiment A. Amplitude and phase at latitude of
maximum heating (9.4°N) of «', '; vorticity ({"); divergence (§); geopotential (®'); perturbation diabatic heating (Q");

adiabatic cooling (T'w"); and warming rate (—igT").

imum amplitude of v’ in Fig. 2, slightly north of the
maximum heating, is 7.0 m s~!. This amplitude is about
1 m s™! less than Holton’s maximum, which occurs at
the same position. Temperature changes in experiment
A are very small, with a maximum warming rate of
less than 1 K day™'. Thus, as in Holton’s solution, the
profile of the vertical velocity, w', follows that of the
heating; adiabatic cooling tends to balance the imposed
convective heating. Both experiment A and Holton’s
case I show v’ in phase (or 180° out of phase) with the
heating, Q'. An inspection of the horizontal structure
of the response in experiment A indicates that there is
virtually no phase variation with latitude throughout
the entire domain. A similar phase structure is evident
in Holton’s (1971) results for case I (his Fig. 5).

To help us understand the characteristics of the
forced wave results, it is useful to consider the hori-
zontal structure equation for an equatorial 8-plane:

(d*'/d6®)/a* + L)W = 0, (1a)
where ,
L(0) = —(2Q/a)k/o — k* + a*/(gh) — (2Q6)*/(gh)
(1] 21 3] (4]
(1b)

and £ is the equivalent depth [see Eq. (25) of Lindzen,
1967]. The solutions to (1) with positive equivalent
depth decay poleward of a turning latitude where the
function L(#) is zero. The balance of terms in (1b)
determines the wave types that are present in the so-
lution. For example, Rossby waves are present when
term 3 can be neglected in comparison to terms 1 and

2. On the other hand, gravity waves occur in the high
frequency limit so that term'1 is negligible compared
to term 3. Furthermore, the complete set of eigenvalues
{h,} for (1) includes both positive and negative values.
According to Lindzen (1967) the modes with positive
equivalent depth correspond to vertically propagating
waves that are confined to equatorial regions between
two turning latitudes. Negative equivalent depths are
characterized by vertically trapped modes whose largest
amplitudes are bounded away from the equator; these
modes cannot be represented on an equatorial 8-plane,
and a midlatitude S-plane approximation is in general
appropriate.

With this background we are now able to interpret
the forced wave results. As noted by Stevens et al. (1977,
hereafter referred to as SLS), for the choice of param-
eters in experiment A, terms 1 and 2 in (1b) exactly
cancel so that term 3 cannot be neglected. This partic-
ular balance implies that experiment A is treating in-
ertia-gravity waves with turning latitudes at ¢ = +f(in
this case 6°N and 6°S). The heating specified in ex-
periment A is confined predominately poleward of the
turning latitude at 6°N. Thus negative equivalent
depths are primarily excited, resulting in vertically
trapped modes. Moreover, the narrow heat source used
in this case projects primarily onto modes with small
equivalent depth [i.e., with L(f) large]. Under this cir-
cumstance the solution to the vertical structure equa-'
tion for the vertical velocity tends to follow the heating.
Details are given in appendix B. As a result of the small
negative equivalent depths, the adiabatic cooling tends
to balance the heating and the warming rate is small.
Also, the modes are confined to levels near the heating
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F1G. 2. (Continued)

and, in the absence of dissipation, have no phase vari-
ation with height. Direct inspection then indicates that
the coeflicients and boundary conditions of the linear-
ized primitive equations are purely real when put in
terms of the variables u’, ¥’ (the zonal wind and geo-
potential, respectively), iQ’, iw’ and iv'. Thus, there is
no phase variation with latitude, and ' and &' are in
quadrature (90° out of phase) with Q’, w' and v'. Con-

sistent with the trapped nature of the modes, w' is in
quadrature with &' so that there is no vertical energy
flux (i.e., Re(w") Re(®) = 0; see appendix A). More-
over, the vorticity, {7, is in quadrature with Q’, v' and
the divergence, §'.

A more complete understanding of the vorticity
structure can be obtained. Holton (1971) did not dis-
play the vorticity. Figure 2 shows that the phase of
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vorticity in the upper troposphere is 90° to the west of
the heating, and 90° to the east of the heating in the
lower troposphere. These phase relationships are most
easily explained in terms of the vorticity budget. -

The perturbation vorticity equation can be written,
—ig{ + iku{’ + BV + & — (94/9z)(dw'/d0)/a

[1] 2] [3]1 [4] [5]
—k:-VXDW)—-k-VXF.=0.
6] (7]

Very small terms in (2a) due to the vorticity of the

mean zonal wind have been omitted. Diffusion is in-
cluded in the term [6], where

D(v) = (¢/p)(9/92)[(vp/gH*)O'/32)].  (2b)

The effects of cumulus friction are represented by term
[7], the curl of the cumulus momentum source terms,
F., as specified in appendix C. In the absence of dis-
sipative forces, including cumulus friction, the primary
vorticity balance is ' ’

—io{’ + ik’ + BV + f§ — (3i/0z)(dw'/68)/a ~ O.
ar 21 31 [l [5]

(22)

(3

The terms in (3) are the local vorticity tendency [1],
advection by the mean wind [2}, advection of planetary
vorticity [3], vortex stretching [4], and vortex twisting
[5]. The first two terms in (3) can be combined into a
single term —io{’, where & is the wave’s intrinsic
Doppler-shifted frequency.

When # = 0, as in experiment A, ¢ = ¢ so that the
approximate vorticity equation becomes

z = In(p, /p)

Latitude(degrees)
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—io§' + B/ + f§ ~ 0.
[ B (4

For the perturbation response in experiment A, the
magnitude of the planetary term is less than that of the
local tendency, with |8v//(6¢")| ~ 0.5. A simple scaling
shows that this relationship will generally be satisfied
for quasi-geostrophic, synoptic-scale waves: for a wave
period of 4 days and wavelength of 3000 km, |8v//
()| <.18/(ek)| ~ 0.5. Since the profile of w' follows
that of the heating, there is convergence below the
heating maximum (400 mb) and divergence above. The
largest divergence occurs near 200 mb. Then, since o
< 0 (westward propagation), and since v' is in quad-
rature with {”, (4) shows that the vorticity phase is 90°
to the west of the heating in the region of divergence
and 90° to the east in the region of convergence; the
vertical phase structure of vorticity seen in Fig. 2 di-
rectly results.

The phase structure of experiment A is not sensitive
to the latitude of the disturbance. Displacement of the
heating maximum to 19°N (results not shown) gives
the same phase for all variables as in Fig,. 2.

The second experiment (designated experiment B)
specifies an intrinsic frequency —¢ = 2x/(21 days). The
waves are in the long-period regime studied by SLS
and many other idealized theoretical analyses of trop-
ical waves. The response to the convective heating,
centered at latitude 19°N, is shown in Fig. 3. The re-
sponse is very different from that in experiment A.
Considerable wave energy is distributed away from the
heating. For the small intrinsic frequency of the dis-
turbance, the turning latitudes for many equatorial
modes are north of the heating (see appendix B). Thus,
as discussed above, modes with positive equivalent

C))

z = In(po /p)

0.0 £

20S 20N

EQ.
Latitude(degrees)

FI1G. 3. Meridional and vertical distribution of the amplitudes of %’ and v in experiment B.
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FIG. 4. (a) Amplitudes and phases of #’ and v’ at Grand Cayman (left) and San Juan (right), from Shapiro (1986). The sign of the phase
has been changed to conform to the convention in the present paper. (b) Observed (left-hand panel) #(z) from Grand Cayman-San Juan
average, and phase speed c¢(z) determined by phase difference in zonal (dashed line) and meridional (dotted line) wind components. Model
(right-hand panel) #(z) and wave phase speed, ¢, at latitude of maximum heating, used in experiment C.

depths are excited. These are vertically propagating
equatorial Rossby waves, with substantial vertical en-
ergy flux [Re(w’) Re(®)]. The domain has been ex-
tended both in height and latitude to ensure that the
response near the heating is not contaminated by re-

flection off the boundaries. Near the maximum heating,
the maximum amplitude of each wind component is
~25 m s~!, much larger than that in experiment A.
The large response is consistent with the results of SLS.
Specifically, following the vorticity argument in section
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FI1G. 5. (a) As in Fig. 2a, but for experiment C. (b) As in Fig. 2b, but for experiment C. The amplitude and phase of
w, v, ¢, & and & are shown at the latitude of maximum heating (19.0°N), and at one grid point to the north and

south,

5 of SLS [and, as a first approximation, neglecting the
planetary term 3 in (3)], the amplitude of {’/8' oc |6]7!
and, therefore, tends to be large for long intrinsic pe-
riods. Since & is relatively invariant, the amplitude of
the response is also o¢ | | ~!. For the specified intrinsic
period of 21 days, the corresponding time scale | 6| ™"
= (21 days)/2w = 3.3 days. As a result, both vorticity
and wind amplitudes are relatively large. ‘

Of the four basic experiments presented in this paper,
only experiment B is significantly affected when cu-
mulus momentum transports are included. The key
time scale for these transports is the fastest damping
time due to convective detrainment, |(g/p)dM,/dz]| "
~ 1.4 days at 200 mb and much longer at lower levels
(see appendix C). Since the damping time due to con-
vective detrainment is about half the intrinsic time scale
of the wave (3.3 days) in experiment B, cumulus trans-
ports are effective in reducing the wind amplitudes by
about a factor of 2, to ~15 m s~'. For long-period
Rossby waves, dissipation corresponding to observed
cloud mass fluxes is important. '

In other experiments, the largest divergence, near
200 mb, was at a level where the intrinsic time scale
|6|~! ~ |o|™' < 1 day. Since this time scale is much
shorter than the detrainment time scale, cumulus
transports are ineffective in altering the wave dynamics
for experiments A, C and D. Details and implications
are discussed in appendix C.

4. Caribbean i(z)

The study of Shapiro (1986) provides an analysis of
the vertical structure of a series of strong easterly waves

in the Caribbean. The present model can be used to.
test the hypothesis that the observed vertical structure
was a forced linear response to cumulus convection
associated with the disturbances. Shapiro extracted the
structure of the easterly wave disturbances with em-
pirical orthogonal functions (EOFs) applied to the
combined low-level and 200 mb winds in the 3-5 day
band. The most striking feature of the dominant EOF
mode for July 1975, as well as other months, was the
consistent near 90° westward shift of the vorticity and
meridional wind at 200 mb relative to the lower level.
One objective of the present study is to provide a dy-
namical explanation for the westward phase shift.

To resolve the vertical structure of the disturbances,
the dominant mode for July 1975 was projected onto
time series of island rawindsonde station winds. Figure
4a shows the amplitude and phase of the zonal and
meridional wind perturbations at Grand Cayman and
San Juan. These stations, both near 19°N, were in the
region of largest diagnosed wave amplitude. The me-
ridional wind perturbation at both stations had a west-
ward tilt with height in the lower troposphere. Based
on the observed wave period of 4.5 days, and the dis-
tance between the stations, a zonal wavelength and
phase speed could be deduced. As shown in the left-
hand panel of Fig. 4b, the observed phase speed did
not substantially vary with height, and for the v com-
ponent was about —9 m s™! near 200 and 700 mb,
where the wave amplitude was largest. The model as-
sumption that there is a single Fourier component with
a given period and wavelength is well approximated.

Although the mean wind varied in all three dimen-
sions, the basic state wind used in experiment C is based
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on #yz) from the Grand Cayman/San Juan mean,
shown in the left-hand panel of Fig. 4b. The mean
wind has an easterly shear from the surface to 850 mb,
where % = —7.5 m s™', and a westerly shear from that
level up to 200 mb, where i, = 0. To the extent that
the vertical structure of the wave is a local linear re-
sponse to convective forcing, the model results near

the latitude of maximum heating should be realistic.
The effect of zonal or meridional variations of iZ, which
are not known for the time of the observations, is be-
yond the scope of the present paper.

The results of experiment C, using the model wave
parameters and the mean zonal wind in the right-hand
panel of Fig. 4b (based on the left-hand panel), are
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at'that latitude.

given in Fig. 5. The latitude of the maximum heating
is taken to be 19°, near the latitude of the island
stations. The zonal wind used in the model is u(z)
= #o(z) cosf/cos(19°), so that the intrinsic frequency
is independent of latitude. The formulation of the ex-
periment is summarized in Table 1. Note that enhanced
boundary layer diffusion (see section 2) is included.
The domain of the model has been extended to the
south to allow meridional propagation of energy across
the equator. For consistency with section 3, the me-
ridional and vertical structure of the heating Q' are
taken to be the same as in Fig. 1. Given the lack of
knowledge of the true distribution of the heating, as
well as the three-dimensional structure of #, the present
experiment can only give a general indication of the
wave’s complete structure.

Figure 5 shows a small eastward tilt of v/ and {’ with
height from the surface to about 850 mb, and a strong
westward tilt above that level. There is little variation
in the phase of v or {’ with latitude near the maximum
heating. The phase of ¢/ and {’ near 200 mb are nearly
90° to the west of the corresponding phase near the’
surface. These results are all in agreement with the ob-
servations in Shapiro (1986), including those shown in
Fig. 4a. The structure of v’ agrees with the other studies
noted in the Introduction, particularly the composite
results of Burpee (1980). It is especially noteworthy that
the trough tilts in the direction opposite to the wind
shear (i.e., westward tilt with westerly mean shear),
unlike the tilt/shear relationship of Holton’s cases II
and I11.

The phase of ¥’ is more variable in both the obser-
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vations and model results, and is less easily defined.
The maximum amplitude of #' in experiment C, which
is slightly to the north of the heating maximum, is ~6
m s~ or about a factor of 1.5 larger than that in Fig.
4a. The amplitude of v/ in experiment Cis ~12 ms™!,
or about a factor of 2.5 larger than that in Fig. 4a.
Thus, a reduction of the heating rate by a factor of 2
will nearly reconcile the observations with the model
results. The response depends on the vertical and me-
ridional distribution, as well as the magnitude, of the
heating. Although the magnitude and vertical distri-
bution are typical for tropical systems, the extent to
which the actual heating that forced the observed waves
had the same magnitude and distribution is unknown.
The westward shift of the trough axis from the near-
surface to 200 mb level can be explained in terms of
vertical energy flux in a vertically varying basic state
zonal wind. The response combines features of exper-
iments A and B. As in experiment A, the warming rate
following the mean wind (—i¢7") is small in compar-
ison with adiabatic cooling (I'w’); therefore w’ tends to
follow Q', with divergence above and convergence be-
low the heating maximum. In the upper troposphere,
above the heating maximum, —¢ ~ —o so that, as in
experiment A, vertically trapped modes? are primarily
forced; w’ tends to be in quadrature with &', so that
the correlation between w' and &' is small. Figure 6a
shows the amplitude and phase of w’, ® and {’ at the
latitude of maximum heating for experiment C (19°N),
together with the correlation between w’ and ¥

r(w, &) = Re(wd™)/(| w'e*|)
= cos[phase(w') — phase(®)].

Note that Re(w'®*), representing the real part of the
product between w' and the complex conjugate of ¥,
is twice the vertical energy flux, Re(w’) Re(®'). When
the correlation is small, w’ and & are nearly in quad-
rature and there is relatively little vertical energy flux.
When the correlation is large, w' and &' are nearly in
phase or 180° out of phase, so that most of the energy
flux is either upward (r > 0) or downward (r < 0).

In the upper troposphere, the twisting term in the
inviscid vorticity budget (3) is much smaller than the
stretching term, ¢’ is in quadrature with {, and the
magnitude of the planetary term (8v') is less than that
of the tendency term (—ig¢{’). Thus, as in experiment
A, the vorticity in experiment C in the upper tropo-
sphere above the heating maximum is 90° to the west
of the heating Q’, and @' is about 90° to the east.

In the region 2.3 > z > 1.5, above the heating max-
imum, the vertical energy flux is upward. A critical
level at z =~ 2.2, where @ = ¢, absorbs the upward flux.

2 Strictly speaking, horizontal modes are ill defined in a vertically
sheared zonal flow. For weak shear, however, a modal decomposition
is still useful in a WKB sense, following Lindzen (1971, 1972).
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Above z = 2.3 the amplitudes of w’ and &', and thus
the energy flux, are very small.

Below the heating maximum the energy flux is
downward, toward the ground. The magnitude of the
wave’s intrinsic frequency decreases downward, as the
near-critical level is approached at z = 0.2, where &
~ ¢. As evident in the stronger correlation between &'
and w’, the wave is in a region that supports a vertical
energy flux, as in experiment B. The near-critical level
near the ground provides a region where dissipative
effects become important. At z = 0.1, the diffusion
term 6 in the vorticity budget (2) is nearly equal in
magnitude to the stretching term 4; above that level it
is less than 25%. Since the phase of w' is locked to
approximately 0° by the heating, downward flux re-
quires ®' to have a phase < —90°. Thus, there is a
westward phase shift in & with height between the near-
surface and 200 mb levels. Close to the ground, " and
w' are nearly 180° out of phase, so that almost all of
the energy flux is downward. The results suggest that
the downward incident energy is absorbed, with little
reflection off the ground. The vorticity is close to geo-
strophic balance with the height field, f {* ~ V2&', and
is of opposite sign. The westward shift of the vorticity

Holton Case Il
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FiG. 7. The value of i#(z), after Holton (1971), case II, used in
experiment D. The wave phase speed c at the latitude of maximum
heating is also shown.
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trough in experiment C is thus the natural consequence
of the downward energy flux below the maximum
heating, into a region of strong absorption.

Conversely, the absence of a near-critical level, as in
the extreme case of experiment A, led to a near-quad-
rature of w' and ¥’ below the heating maximum. The
absence of a downward energy flux in that counter-
example confirms the importance of the absorption of
energy in the vicinity of the near-critical level near the
ground for the wave’s vertical structure.

Given the uncertainties in the specification of the
heating, as well as the explicit omission of the zonal
and meridional structure of the mean zonal wind, the
rough agreement between the (adjusted) model am-
plitudes and the observations is encouraging. More-
over, the vertical phase structure of the response of the
present model is clearly closer to the observations than
are either Holton’s case II results or the classical east-
erly wave model itself. The results emphatically support
the hypothesis that the waves analyzed by Shapiro
(1986) were convectively forced disturbances with ver-
tical structure determined by linear dynamics.

The vertical structure of the response depends on
the latitude of the specified heating. Figure 6b shows
the response when the maximum heating is at 9°N.
At this lower latitude, the minimum vorticity near 500
mb is smaller, and the transition across the level of
maximum heating is sharper. The near 90° westward
phase shift of vorticity, in particular, occurs over a more
narrow layer, with nearly constant phase below about
500 mb.

5. Holton’s case II

We now investigate the contrasting relationship be-
tween the wave tilt and mean wind shear found in sec-
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5b, but for experiment D, with heating centered at 9.4°N.

tion 4 and that found in Holton’s (1971) experiments.
In order to evaluate the sensitivity of the forced re-
sponse to the vertical profile of the mean zonal wind
u, Holton considered several nonresting basic states.
His case II, which included a westerly shear from the
surface to 12 km, was considered typical of the easterly
trade wind regime. Holton assumed u = #y(z) cosf, so
that ¢ was independent of latitude. The vertical profile
of iy(z), based on Holton’s case I, is given in Fig. 7.
This mean wind is similar to that used in experiment
C (Fig. 4b), but has a true critical level at the ground,
and a westerly wind of 5 m s~ near 200 mb. In Fig.
8, the results of experiment D are shown, using this
mean zonal wind in the present model. The center of
the heating is at 9.4°N. Figure 8 is very similar to Hol-
ton’s case II results. The maximum amplitude of the
meridional wind in experiment D is ~6 m s™!, nearly
the same value as in Holton’s case II solutions.

As in Holton’s solution, the surface trough (as de-
fined by the phase of vorticity) in experiment D near
the latitude of maximum heating is to the west of the
heating maximum, and there is a general eastward tilt
of v with height below the level of maximum heating.
These features are similar to the classical easterly wave
model. In the present case, however, there is a variation
of the phase of v’ with latitude not evident in Holton’s
solution. At latitude 7.4°N, to the south of the maxi-
mum heating, the eastward tilt of v' above about 600
mb is greater; at latitude 11.4°N, to the north, the tilt
is more to the west. The inclusion of scale-independent
dissipation with a damping time of 2.65 days in the
present model (results not shown) substantially reduced
the variation in the phase of v with latitude near the
maximum heating, agreeing much more closely with
Holton’s case II solution. The meridional variation of
phase, with or without damping included, is seen even
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FIG. 8. (Continued)

more clearly in {’ than v’ (Fig. 8). To the north of
the maximum heating, {’ tilts westward above about
700 mb.

The dependence of the vertical phase structure on
the latitude of convective heating is made explicit in
Fig. 9. The figure has the same format as Fig. 6, with
Fig. 9a for the response to a heat source centered at
9°N (experiment D), and Fig. 9b for the source centered
near 19°N. The phase structure of the response at 19°N

in Fig. 9b is very similar to that of experiment C (Fig.
5 and Fig. 6a), which has the source centered at the
same latitude. The zonal wind profile specified in Hol-
ton’s case II leads to a westward tilt with height above
700 mb when the heat source is centered at this higher
latitude. There is downward energy flux below 200 mb,
toward the critical level at the surface. By contrast, the
response to a source at 9°N (experiment D; Fig. 8 and
Fig. 9a) has an eastward tilt below 400 mb, with a rapid
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FIG. 9. (a) As in Fig. 6a, but for experiment D at 9.4°N, the latitude of maximum heating.
(b) As in (a) but at 19.4°N, for heating centered at that latitude.

westward phase shift across the level of maximum
heating. As in Fig. 6b, for the Caribbean zonal wind
profile, the lower latitude has produced a more narrow
layer of transition. The net westward phase shift of the
trough axis between 850 and 200 mb for heating at
either latitude emphasizes once again the importance
of the downward energy flux for the wave’s vertical
structure.

6. Conclusion

Very good agreement was found between the vertical
structure of the waves observed by Shapiro (1986) and
the model-derived structure in section 4 (experiment
C). The 90° westward phase shift between the 200 mb
and near-surface troughs, and the westward tilt of the
trough axis with height, appear to be a direct conse-

quence of the interaction between the forced wave and
its environment. The zonal wind was assumed to be a
function of height,-taken from observations near the
latitude of largest wave amplitude. It is possible that
the use of a more realistic zonal wind distribution could
change the structure of the wave response; however,
the success of the simulation suggests that we have cap-
tured the essence of the Caribbean wave dynamics. Af-
ter adjustment of the magnitude of the heating, the
amplitudes of the zonal and meridional winds predicted
in experiment C were found to be close to those ob-
served. Although linearization is not strictly valid for
the wind amplitudes ~5 m s~!, the model’s linear dy-
namical framework appears to well represent the wave’s
structure; consideration of why nonlinear terms can
be neglected and yet a realistic structure obtained is
left for further study. The westward shift of the trough
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axis in the model solutions was found to depend on
the downward flux of wave energy toward a near-crit-
ical level near the ground, where the intrinsic period
was long. The results suggested that the downward in-
cident energy was absorbed, with little reflection off the
ground.

It is also clear that the eastward tilt of the trough
axis in the classical picture of the Caribbean easterly
wave is not a simple consequence of the vertical profile
of the mean zonal wind. Experiments described in sec-
tions 4 and 5 imply that the latitude of the disturbance
may be as important a factor in the determination of
the direction of the tilt as is the structure of the mean
zonal wind. Using Holton’s (1971) case II basic state
zonal wind, with westerly shear in the lower and middle
troposphere, a westward tilt above 700 mb was found
at the latitude of maximum heating when centered at
19°N; an eastward tilt was favored below 400 mb when
the heating was more to the south, near 9°N (section
5, experiment D). In the latter case, the westward phase
shift occurred over a narrow layer near the level of
maximum heating. The reason for this variation with
latitude remains to be understood.

Finally, we note that the amplitude of the response
depends not only on the magnitude of the heating, but
also on its meridional scale. For consistency with Hol-
ton (1971), the decay scale for the Gaussian profile of
heating was taken to be 3° latitude. Other experiments
(results not shown) that used a heating with larger me-
ridional extent produced larger wind amplitudes. The
maximum amplitudes of the winds were roughly pro-
portional to the meridional scale. Inspection of the re-
sults indicated that the magnitude of the divergence
and vorticity were almost independent of the meridi-
onal scale of the heating. Apparently the winds were
stronger simply because, for the same horizontal gra-
dient (vorticity and divergence), their meridional scale
of variation was larger. The true meridional scale of
the heating that forced the disturbances analyzed by
Shapiro (1986) is not known. The magnitude of the
heating that is projected from the mesoscale-organized
convection onto the synoptic-scale wave is another
question that is not easily addressed.
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APPENDIX A
List of Symbols
F. cumulus momentum source
H scale height
M, cumulus mass flux
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o diabatic heating rate

T temperature

a radius of earth (6.37 X 10° m)

c a/k, wave phase speed

¢ specific heat at constant pressure
(1004 m?2s72K™)

f 29 sind, Coriolis parameter

g gravitational acceleration

h equivalent depth

k s/(a cosb), inverse of wave’s zonal
scale

k vertical unit vector

p Do €xp(—2)

surface pressure (1015 mb)

correlation between w' and &, de-

fined in section 4

R gas constant (287 m2s2 K™!)

s longitudinal wavenumber

t time

T temperature

(zonal, meridional) velocity

u, velocity at cloud base z,

w dz/dt, vertical velocity

z In(po/p), vertical coordinate

Z; cloud base (z = 0.1, p = 918 mb)

o damping rate for Rayleigh friction
and Newtonian cooling

B (dfjdb)/a

0 divergence

A longitude, positive to the east

Q angular speed of earth’s rotation

® v geopotential

v kinematic coefficient of viscosity and
thermal diffusion

o angular frequency of wave perturba-

tion

o — ki, Doppler-shifted (intrinsic)

frequency; intrinsic period = 27/
Kd

latitude

vorticity _

thermodynamic stability, d7/0z

+ «T, where « = R/c,.

Re(w') Re(®) Vertical energy flux. Re( ) repre-
sents the real part of the complex
variable; the overbar represents the
average over a wave cycle.

e D

APPENDIX B

Solution of the Vertical Structure Equation
for Vertical Velocity

Consider the nth forced mode in a separable prob-
lem, with frequency o and constant static stability T.
The vertical structure of this mode is governed by the
separation relation [e.g., Eq. (2.81) of Holton, 1975],
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de/dZ — W, = [”la/(ghn)]q)n (Bl)
and the hydrostatic thermodynamic energy equation
[~ie/Rld®,/dz + Tw, = Q,, (B2)

where primes denoting perturbation quantities have
been dropped for convenience. Here 4, is the nth
equivalent depth, determined by the horizontal eigen-
value problem as in Lindzen (1967) and Q,(z) is the
vertical structure of the projection of the heating onto
the nth mode, and similarly for w,(z) and ®,(z). The
vertical structure equation for w, can be obtained by
eliminating &, between (B1) and (B2):

[d%/dz* + A,][w, exp(—z/2)]
(11 [

= [R/(gh,)] exp(—2/2)Q.(2), (B3a)

where _
A, = (RD)/(ghy) — 1/4. (B3b)

The solution for wy, is well apprdximated by the local\
balance between the heating and term II in (B3a),

Awa(2) = R/(ghn)Qn(2) (B4)

as long as term I is much less than term II. For sim-
plicity, suppose that the tropospheric heating has the
form

ﬁin(pz) exp(z/2), O0<z<nm/u (B.5)

On(2) =
! 0, z=/p

This form approximates profiles of heating typically

observed, where (as in the heating specified in Fig. 1)

p =~ w/2. Then, term I in (B3a) is much less than term

II when

A, > u?~ 2.5 (B6)

To understand the circumstances under which this
condition is valid, one can use the midlatitude equiv-
alent to (1b),

L(0) = —Bk/o — k* + a*/(gh) — f*/(gh), (BT)

which is a valid approximation for the vertically
trapped modes in experiment A. The heating in Fig.
1, with meridional scale ~300 km, will tend to project
onto horizontal modes with L ~ (300 km)~2 Using
the values for ¢ and k of experiment A, and a typical
tropospheric value of RT'/g =~ 600 m, (B7) can then
be solved for 4 and thus A. At latitude 8 = 9°N, h
~-3mand A = —200;at 8 = 19°N, A =~ —20 m
and A ~ —30. Thus, condition (B6) is satisfied when
the heating is centered at 9°N, or even, twice as far
from the equator. Since RT/g > h, (B4) together
" with (B3b) imply

'w~=Q (B8)
so that the warming rate,
[—ic/R1d®/dz = Q — T'w, (B9)
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is small. In the model solution for experiment A, with
the source at 9°N, the measure of the degree of local
balance |[(Q — I'w)/T'w| is found to be ~0.1 (cf. ther-
modynamic terms in Fig. 2b); the same measure is
~(.3 when the source is at 19°N.

The present analysis can be extended to nonzero
mean zonal wind with intrinsic (Doppler-shifted) fre-
quency o # o. If the vertical shear of the zonal wind
is not too large, a modal analysis for constant intrinsic
frequency will be locally valid. (See footnote 2 in section
4.) For small intrinsic frequency [|o| < 2=x/(5 days)],
solution of the dispersion relation for equatorial modes
(Eq. (36) of Lindzen, 1967) indicates that the turning
latitudes for many modes are poleward of the tropical
heat sources specified here. Thus, modes with positive
equivalent depth will be excited. As long as the narrow
heat source is primarily projected onto modes with | /|
< 240 m, the condition (B6) and the local balance (B8)
will still be valid. In practice, for experiment B with
o = —2x/(21 days) and latitude 19°N, the measure of
the degree of local balance |(Q — I'w)/Tw| ~ 0.4.

APPENDIX C

Cumulus Momentum Transports: Implementation
and Results

When included, the cumulus momentum source
term for the perturbation is parameterized as

F. = (g/p)8/0)[M (v — w) + M (@ — &)], (Cl)

as in Egs. (1) and (2) of Rosenlof et al. (1986). Here
M_ is the cumulus mass flux associated with the basic
state, and M, with the perturbation; v, and u; are the
corresponding velocities at cloud base (z = 0.1, p
= 918 mb). The cumulus mass flux profile M, used for
both the mean and perturbation, is given in Fig. Cl1.
The cloud base mass flux is 5 mb h™!, consistent with
the precipitation rate of 1 cm day™'. The damping time
due to detrainment by the basic state mass flux is |(g/
PYOM./3z|~!, which is ~ 1.4 days at 200 mb.

When cumulus momentum transports were incor-
porated in experiment A, with period 5 days and in-
trinsic time scale 5 days/2x ~ 0.8 day, the maximum
of v near 200 mb decreased by much less than 1 m
s~!. Since the intrinsic time scale is shorter than the
detrainment time scale (~ 1.4 days), cuamulus momen-
tum effects cannot substantially affect the amplitude
of the response. '

For experiment B, the longer intrinsic time scale of
3.3 days exceeded the detrainment time scale, so that
cumulus momentum transports could dampen the
wave amplitude by playing a significant role in the local
vorticity budget.

For experiment C, with a realistic Caribbean mean
zonal wind, the 200 mb detrainment region had a mean
wind approximately zero and therefore an intrinsic
time scale 4.5 days/27 ~ 0.7 day, half the detrainment
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FIG. C1. Cumulus mass flux used as M, and M.

time scale. Consequently, cumulus momentum trans-
ports did not substantially change the structure or the
maximum response amplitude. The results of experi-
ment D [Holton’s (1971) case II] were similar.

The waves of experiments A, C and D have relatively
short intrinsic periods (~35 days) at the level of max-
imum perturbation divergence, 200 mb. Clearly they
cannot be considered internal Rossby waves with long
intrinsic period. Without cumulus momentum trans-
ports, all wind amplitudes were ~ 10 m s~ in the upper
troposphere. Inclusion of cumulus momentum trans-
ports with a damping time longer than the local (in-
trinsic) wave time scale does not qualitatively affect the
atmosphere’s response to the heating. This conclusion
extends the argument of Stevens et al. (1977), obtained
in a uniform mean zonal flow, to a vertically sheared
flow by applying the same logic to the local time scales
in the upper troposphere. The perturbation response
in the upper troposphere appears to play the dominant
role in setting wave amplitudes since 1) divergence
tends to be largest in that region; 2) divergence, through
the vorticity dynamics, drives the vorticity response in
both amplitude and phase; and 3) cumulus momentum

transports will first affect wave response locally in the
upper troposphere (if at all).

Our experiments A and D mimic the cases I and II
considered by Holton (1971). The wind amplitudes
~10 m s~! resulted from local forced gravity wave dy-
namics in the upper troposphere, and not from exces-
sive damping of internal Rossby waves as suggested by
Stevens et al. (1977). Internal Rossby wave dynamics
are in fact irrelevant for these cases because the intrinsic
period was not sufficiently long at the level of maxi-
mum divergence. Cumulus friction is not required to
bring wave amplitudes into the observed range.
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