% a apphicatica of Trme Serfes analpsis

METG?B%?time series): O’Brien (1 hour, 1995)

e [This question was not specifically covered in any class. It is designed to determine
your breath of knowledge of meteorological time scales. You are to be commended for
being innovative even if you are naive.]

Recently an amazing discovery has been made. In Kentucky, near the home of Daniel
Boone, a rather remarkable family with the name of Smith settled in 1785. The original
grand old person was fascinated by the weather and began daily measurements of
precipitation. In spite of bad times, the family over more than 10 generations maintained
the measurement gathering. Due to family problems, there are some gaps in the records.

You become aware of the data. Wow! What would you do with this record?

a) Discuss what interesting scientific problems you might address with the data.

b) Discuss what societal problems you might address.

c¢) What technical problems (and solutions) do the gaps impose?
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Question from J. O’Brien.

Estimated time: &5 min.

AN oceanographer presenting a paper a2t =
measurements of oceanic turbulence might
Explain in works or by Tormula each term

vV oa.
vb.
VeC=
Yd.
Ve.
v f.
Vg.
vh.
vi.

J.
k.
wl.

isotropic turbulence

homogeneous turbulence

rotary spectra

inertizl subrange

Obukhov length scazle L

co-spectrum

quadrature spectrum —

coherence

eddy Prandtl number
i-spectrum

log-linear profile

buik~-zerodynazmic formula

conference on zctual

use the
below.

following terms.
Be brief.
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Atmospheric Turbulence & Time Series

In 3-D turbulence there exists a relationship between the kinetic
energy spectrum and wavenumber called the "minus Pive Thirds Law.”
For large scale atmospheric flow the kinetic energy spectrum of
horizontal flow is steeper. If we calculate the kinetic energy
spectrum around a latitude circle in mid-troposphere we find
something like a "minus 3 law.”

A. Assume that the region between wavenumber 10 and 100 depends
only on wavenumber, k, and the dissipation of mean-square
vorticity, N. Use dimension analysis to derive the minus
three law.

B. Suppose you had gridded global weather data of horizontal
velocity, list the steps you would use to calculate estimates
of the kinetic energy spectrum as a function of east-west
wavenumber. Assume you have many realizations so you can use
ensemble averaging to increase the degrees of freedom.

C. Explain with a diagram how you would plot the spectrum to
demonstrate the -3 law for the calculations in B.

D. Outline how you might use the K-S test to test the hypothesis

that the calculations in B were similar or not simllar to a
-3 spectrum.

35
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% basie_dynanice (vector)

MET? : O’Brien (30 minutes)
¢ Given the “role” for any vector A

aA = aA +QxA

dt dt |,

in a rotating system with constant angular spin, Q. Drive an expression for the
acceleration vector for an inertial frame of reference in terms of the acceleration vector
relative to the earth plus others terms.

Give a physical explanation of each term in the equation you have derived.

ahs
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% e rote of chasge of a veckr

MET? : O’Brien (30 minutes)

o The relationship between the time rate of change of a vector in an inertial system and
the time rate of change of the same vector in a moving system relative to the earth is

dA dA
4 - + Q X A (|)
dt dt
Derive the relationship
du, dU
—4 = — 4+ 2Qx U+Qx(Qxr)
dr dt
Explain all steps.
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#_baete dypamies ( deostophic , Hemmal wind , barotopic)

MET? : O’Brien (30 minutes) *

® Question

(a) Write down the geostrophic wind equation in component form for pressure
coordinates. Explain all symbols.

(b) Derive the thermal wind equation in pressure coordinates.

(c) Define what is meant by a barotropic atmosphere.

(d) Prove the theorem: The geostrophic wind is independent of pressure (height) in a
barotropic atmosphere.
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*-_presswe chane clue to 2dv.

MET? : O’Brien (30 minutes)
e A balloon flying eastward over Tallahassee and being advected by the wind which is 20

m/s does not measure any pressure change. An observer on the ground measures a change
of 0.1 kPa/3 hours.

a) What is the change of pressure due to advection?
b) Is there enough information in this problem to tell in which direction is the nearest
high pressure system? Explain your answer.
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30 min.

30 min.

2)

3)

O'Brien

Explain the significance of the Vaisald-Brunt Frequency in the
dynamics of a stratified fluid (stably stratified). First define the
quantity in a precise way.

Explain how the von Neumann linear stability criteria is used
to determine if predictive finite difference equations are
numerically stable. Carefully explain the concepts of stability
and convergence in this context and give a simple example to
describe the above test.

1



'Brien

I min.

2, Numerical Weather Prediction (0'Brien)

Show that upstream differencing is a dissipative finite-difference
scheme. Derive an approximate value for the implicit diffusion
coefficient. Show that the leap-frog scheme conserves energy if
the CFL condition is satisfied, Hint: Use a 1-D linear advection

equation.

Semi~implicit schemes are becoming widely-used in meteorology

and oceanography. Describe, using a simple set of of equations,

the basic idea for these schemes.



# Siabiity ¢ Foivke_difRerence cpprux. Th NWP

5541
MET? (NWP): O’Brien (?, 1997)
e Please work enough problems to equal 100 pts. Only.

1) Carefully define the terms Neutral, Stable, Unstable with regard to the amplification
factor for linear stability.

2) Consider the 2-D diffusion equation:

ou ( o’u o’ u)

—=k 7+ P

ot Ox~ oy~
a) Write down the finite difference approximation for forward in time and centered

in space.
b) Derive the condition for which this scheme is stable.
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5541 .

MET? : O’Brien (?)

e Consider the equation
ow "ow
—+A4A—=K
ot Ox Ox

where w=u+iv
A N A

and 4, K, f and are arbitrary constants.

For the following special cases, indicate (writhe down)
(a) a stable scheme and its limiting condition, if any
(b) an unconditionally unstable scheme.

The special conditions are

a?w
——ifw

(A) A=K=0
B) A=f=0
Q) K=f=0
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S
MET? (NWP): O’Brien (30 minutes) *

¢ Consider the linearized equations of motion

—a£+A—aﬁ= ﬁ) oy
ot ox
@.*.A@:_fu (2)
ot Ox

for which the following numerical scheme is suggested

n+l

u

vt =y =)=
where A = AAt/ Ax and f'= fAt and

oo 1 n n
‘2'[Wj+l - Wj—u]

;U= “X(Z‘:x)+f'v}' (3

)

(a) Use the von Neumann stability test to determine under what conditions this scheme is

stable.

(b) Suggest a finite difference scheme which is stable for all At and Ax.
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¥ boundery value preliem

MET? : O’Brien (35 minutes)
e We wish to solve the boundary value problem
=ty — U, +c(x,))u(x,y) = f(x,) M
on a rectangle D:
0<x<1, 0<y<l1
subject to the boundary conditions

ou(0,
D2 _h) 0<y<1
u(Ly)=h(»)

u(x.0) = (x)}o <x<1
u(x,l) =h,(x)
Here, h,, ¢ and fare known functions, and &/ 0n denotes the outward normal derivative.
a) If ¢ <0, what difficulty might arise when attempting to solve this problem?
b) Assume c 2 0. Impose a uniform rectangular mesh on the region. Let N be a positive
integer, 2 = 1/N be the mesh size, x; = jh,j=0,1,...,Nand y, =kh, k=0,1,....N

and let u;, be the numerical approximation to u(x_,, yk). Describe the 5-point

approximation to (1) in the interior of the region.

c) Assume that u(x, y) is four times continuously differentiable in both variables. Use
Taylor series to derive the local truncation error for the difference operator in (b).
What is the order of the local truncation error as 2 — 0?

d) Give two different approximations to the boundary condition at the left boundary.
Also state the order (as & — 0) of the local truncation error of each.

|9



# Stmple bawtepre weather moclel

4
MET%S(Numerical analysis): O’Brien (1 hour)
e The equations for a simple barotropic weather model are

ZC+V V(i f)=0

Vg—kXV¢/fo =7, 'ﬁLW@#)“&%V‘@Ht%V’M*%“
VA f,=C =1 (ER+Zh

f=fo+By

Suppose you solve this in a B —channel with given initial condition ¢(x,y,0) = A(x,y).

Write the problem in a stable finite difference model. Specify all boundary conditions and
parameters. Suggest a numerical method to calculate a 24 hour forecast with Az = 1 hour.
In other words, convince me that you could give this problem in great detail to be done

by an undergraduate student on a computer!
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% lmear shallses weter €. 'm NWP

MET? :[NWP): O’Brien (1 hour, 1995)

e A simple version of the linear shallow water equations for meteorology and

oceanography is

u, = fr-g'h,
® Vv, =_fu_g'h_v
h, = —H(ux + v_‘,)

a) Write down a centered in time, centered in space finite difference approximation.
b) If f=0, and v = 0; derive the linear von Neuman (CFL) stability equation.

c) If /=0, derive the CFL Condition.

d) If f =0, will it make the condition in (c) less stringent or more stable?
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* |ingar shallois ixcter €3 Tn NP J- Stebitily ampsis

S
MET? (NWP): O’Brien (1 hour) *

e The linear shallow water equation in 1-dimension are

W

D

3)

Write down an explicit centered in time, centered in space finite difference

approximation for these equations. For example you might use the Arakawa C-
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where f, 4, H, g are constant parameters.
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For f= 0, determine the C-F-L linear stability criteria for your equations in A.
For A= 0, determine the C-F-L linear stability criteria for equations in A.
IF A and f are not zero, is it possible to calculate the linear stability criteria
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MET? (NWP plus Advanced Dynamics): O’Brien (1 hour, 1995)
e You wish to solve the Quasi-Geostrophic equations in a rectangular beta-channel.
Assume the channel length, x €[0,1] and width, y €[a,b].
a) Write down a set of equations for this problem.
(1) Define the dependent and independent variables.
(2) Specify appropriate boundary conditions.
b) Outline in some detail how to use a spectral method in x to reduce the streamfunction
equation to a set of ordinary 3 point difference equations.
(1) Define how to solve these difference equations.




4. O’Brien / Numerical Analysis /60 minutes

A. Define an iterative process

((m1) BX(m) - c

where X and C are vectors and B is & square Z2irix. Show thzt the
process converges if TERE

£ is defined

o+ =) -

P = D-1b _ x(m) . LX(m+1) A(m)

b zre vecters, D ia a diagonal catrix, L
triznguler matrix and U is an upper triangu-zs matirx.
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1. S.0.R. (1 Hour) {oRen
Suppose Yyou wanted to solve

2 % B iy 2

in a rectangle X € (0,Ly) + ¥ € (0,L,) with boundary conditions
Q(x,y) = 0 an boundary using SOR. Hlx,y) > 0 ; K(x,y)'> 0 for all X,y.

Suppose that there are J+1 grid points in X and I+1 grid points in
y.

Write down finite difference approximations that are second order
in x and y. Carefully describe the iterative procedure called
successive overrelaxation for this problem. How would you estimate an
approximation to the optimum relaxation coefficient?

Do you Kknow apriori that the problem will converge? What is the
solution if F=0.

o ihow thag SOR is equjlvalent to solving for the steady solution of
e above problem with a on the right hand side i i
e v, Find o« in terms of

JJO:rkk

Stary Tepsemwey gablished a book on flegative Eddy Vistostty vnich
shows that many f£luid measurements indicate counter-gradient heat
transfer or momentum transfer, or, the jdea of a negative diffus-
ivity or viscosity.

a) What do we meal by counter-gradient flow?

b) WVrite the Euler-form of the primitive equations of rmotion for an
incompressible, two-dimensional fluid and derive an expression
which proves that the molecular viscosity must be positive. (Eint,

derive a total energy eqpation)

cj- What is meant Dby an eddy v;scosity or diffusivity? “VWnat ere its
: units? ) v

d) The formal derivation of the Eulerian form of the lavier-Stokes
equations doesn't contain eny terms with eddy viscosity. Derive

. an averaged form of the equations which are not closed and reguire
’ ,tﬁe introduction of an eddy viscosity for closure.

-e) Show that the -average eddy viscosity in a fluid is expected to be

positive.

28
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Dr. James O'Brien
1 hour

Ph.D. Question for John Schultz

This question involves a partial description of the GFDL model.

a)

b)

c)
d)

e)

What are the dependent and independent variables in the GFDL
Ocean Model?

What are all the boundary conditions needed to specify a solution to a
problem?

What are the adjustable parameters in this model?
What range of initial conditions can be used for this model?

How does this model handle convective overturning?



Starr published a book on Negative Eddy Viscosity which shows that many
fluid measurements jndicate counter-—gradient heat transfer or momentum
transfer, or, the idea of a negative diffusivity or viscosity.

a) What do we mean by counter-gradient flow?

b) Write the Euler—form of ihe prinitive equationé oF motioa for an
inco=pressible, two-dimensional fluid and derive an expression
which proves that the molecular viscosity must be positive. (Biat
derive a total energy equation) ’

¢) Vhat is meant by an eddy viscosity or diffusivity? ‘Whai ere its
units? .

d) The formal derivation of the Euleriean form of the lavier-Stokes
equations doesn't contain any terms with eddy viscosity. Derive
- an averaged form of the equations which are not closed and reguire
the introduction of an eddy viscosity for closure.

e) Show that the -average eddy viscosity in a fluid is expected to be
positive.

Ccasider the linearized n-uations of motion

3u du  _

=+t A =T (1)
oV ks

v . a2 - 2
2t Aoy = -0 (2)

for which the following numerical scheme is suggested

n+l _ .o _ Ast .nm n oy _ n+l
] = uj-3 (u3+1 - uj_l) Atf v (3)
r+4l _ .m _Ast . m _ B n+l

(a) Use the von Reumann stability test to determine under what
_conditions this scheme is stable.

(b) Please suggest a finite difference scheme which is stable
for ell At, bx.

3



% energy balace at Sea sfe.

£CPESSI

MET? (Air-Sea): O’Brien (1 hour)

\/ e Suppose you desired to determine the reason for the increase in temperature at the sea
surface over a month.

a) What energy balance equation would you use?

b) What measurements would be required to measure all the energy fluxes? Consider
that you are concerned with the average sea-surface temperature in a 100 by 100 km
horizontal slab of thickness, 1m. o

(You really need to write a short essay to answer this question.) oo’ _/ i

° =
pefor 4o Nicholsong question




% PrandH_laer ~> fag-umd prfile
= Slﬁ; l&gr = Cb"\?" ‘H'lx |ye?

\/ MET? : O’Brien (30 minutes)

e In the atmospheric Prandtl layer, the surface stress is considered to be independent of
height. This allows us to define a non-dimensional wind shear, S,

‘/S_kzaV
U, 0z

)

where V is the average horizontal speed. In adiabatic conditions, S is unity and we can

integrate S to obtain the log wind profile.

(a) Integrate S to obtain the log profile and interpret physically the constant of

integration.

(b) For adiabatic conditions, what is the variation with height of the eddy viscosity, X,,,

implied by (1)?

+{c) How does V(z) deviate from a log profile during stable and unstable conditions? A

diagram might help.
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% Yot €3. ®or 4 barotropic wikd~driven cGean

OCpSssl
/ MET7Y (Air-Sea Interaction): O’Brien (30 minutes, 1997) *

e The vorticity equation for a barotropic wind-driven ocean may be written as

« V.VE+(g+ f)(%+%J [3V=(k-Vxé)+AHV2Q—RQ

A Lo ST AT S

where V = Ui+ 7j ,

U and V are the eastward and northward transports,
T is the wind stress vector,
h is the depth of the fluid,
v R is the bottom friction coefficient, and
v A is the horizontal “Austausch” mixing coefficient.
a) What terms in the above constitute the Sverdrup balance?

b) What terms did Stommel use to explain westward intensification? Why did he need
the additional term?

c) What terms did Monk use for his famous 1950 paper of the wind-driven ocean
circulation?

d) There are some terms in the above which do not appear in any of these three simple
models. When would these terms be important?

e) Suppose that the wind stress vector only has an x-component which varies in the y

direction, ie., T= ;:(y)i with 7, =0. How would you calculate the Sverdrup
transport for an ocean? (Use the continuity equation.)
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J.J. O'BRIEN
(1 hour)

]

Derive the bargtfropic vorticity equation for a wipd-driyven.homegenequs
ocean. The fluid is viscous, with horizontal Laplacian friction and

vertical friction. Integrate from the surface down to depth h. Take h

uniform and being either the bottom of the ocean or the base of the mixed
laver.  .gor o2 4) 4p = (k- Vxgr) + AVE —RS

£=204

In the resulting equations, identify the balance of terms for
T
a) Sverdrup balance, BV=k-Vxgpr

b) Stommel ocean-circulation model, @v:!k.vx%‘;—Rz;

e

c) QMunE}ocean-circu1a;jpp_mode1, pv=lk-fo§;4-huV73

\/d) Ekman pumping.
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% Sverdrup Havsport egs

OCp 5SS
MET? (Air-Sea): O’Brien (30 minutes) *

e In this question, I would like you to discuss the Sverdrup transport equations. The

equations you need are

BM, =k-Curlt=k-Vxz1 _gg-g%‘ )
oM
azaw =0 )
e

where B=0f /0y, M, and M, are eastward and northward transports, respectively, and

T is the wind-stress vector.— T =T« +Tuj

(@ Suppose you were given T =1 ()i, i.e.

, 7,=0 for an ocean with lateral boundaries.

How would you calculate the Sverdrup transports, M, and M, ?
&) The second equation above permits the introduction of a streamfunction for the mass-

transport. Define the streamfunction.

v (© Why do most oceanographers present calculations as you have outlined in terms of a
streamfunction rather than as graphs of M, and M ?

cd How would you use your calculations of M, and M, to compute the streamfunction?
(Hint: Do not use the basic definition of the streamfunction.)
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\/ MET? : O’Brien (1 hour)

¢ Equatorial Kelvin Waves

1. Write down the linear equatorial beta-plane, inviscid reduced gravity equations (3).

Identify your symbols.
Explain how to find the equations for a free equatorial Kelvin Wave.
Find or write down the free Kelvin Wave Solution.
Describe as many of the physical attributes (in words) that you can identify (at least
five). These are based on your answers for 3.
. How does the Kelvin Wave play arole in a warm EL Nino event?

Rl

See otter noes ¢
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PhD. Question (from O’Brien)

\// 1(a) Write down the linear, reduced- gravity equations on an equatorial beta plane.
U, =+Byv-2g'h,
7 K =—Pyv - g’zy

h, =-H(U, +%,

These are free wave equations, i.e., no forcing. The equatorial Kelvin Wave is a solution
of these equations. Find the solution.

V(b) List 5 properties of forced Kelvin waves.
(c) Suppose there are 2 typhoons close to the equator west of the dateline. These will

generate a Kelvin wave. What sign (up or down) will the typhoon generate? Estimate
the time the wave takes 10 reach 32°N oft the coast of the Calif-Mexico border.

L]
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Coastal Upwelling

a) Explain in words when You would expect tO observe coastal upwelling along &

cozstline.

b) Write down the reduced—gravity'equations for the simplest model of coastal

upwelling.
¢) Perform a simple geale—anatysis tO deduce the horizontal length scale for
the width of upwelling and the. radius of deformation (same number). Deduce
a time scale for the vertical velocity, 3h . o
9t

Explain physically why there is StIOng upwelling at the equator in the Pacific
and Atlantic Ocean. Continue your argument to explain physically why an
equatorial undercurrent OCCUIS in both oceans.
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This question is on oceanic upwelling.

a)

Explain in words when you would expect to observe coastal

upwelling along a coastline.

Given the reduced gravity equations

ou oh
:f‘\)- 2—
ot y ox

s

= + 17Y/pH
oy P

Dt
5 - -c

QU |
c'"l,’:)"

-_—"uX'UV

L
H

with ¢ = g'H. Assume no variation in'y and constant wind stress and no inertial

oscillations. Calculate the solution for the vertical velocity, w = 'gt‘ along a

straight north-south coastline. From your solution estimate a typical value of w

given reasonable parameters.

c)

‘Equatorial Kelvin waves. Assume f= Bywand v = 07 Solve (b) for

free Kelvin waves. List in words three important physical properties of equatorial

Kelvin waves.

51

A



Ph.D. Preliminary 1995
Air-Sea Interaction

Air-Sea Interaction (O'Brien) - 1 Hour

The linear reduced gravity shallow water equations are:

u=fr-gh,

v, =—fu—gh,

h, = —H(ux +vy)

a) Consider an initial value problem along a straight N-S coast. The wind

is from the north and begins at t=0 and is independent of space. If
f=10-4, g'H=1 and the wind stress, U.=0.1m/sec, determine how long it
takes h to change by 50m. Choose typical values for any density
parameters you need.

b) Let the forcing be zero and find the characteristic solution for coastal
kelvin waves (Hint: let u=0)
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The usuel form cf the Navier-Stokes eguations for e compressible fluid

is
du, 2

i 30 2 1 2
= - =y — +
P axi+“a:< 3% “i+3“axi® Fy

3 d

where uy is the velocity; p, the pressure; M, the dymemic viscosity;

Fi, the forecirpg terms; end
au
@=a
X
J

(a) Vhat is the fundamental hypothesis (or assumpticn) used

the Navier-Stokes eguations? Hint: the enswer is mnct

(b) Vnat is the Reymolds stress temscr? FHow does it appear

stove eguation efter tkhe equetion is Reynolés everaged?

that the Reymnclds siress tensor is symmetric.

The log-linear profils eguaticos for the etmostheric boundary
& - x J

. ,
T - ‘Io \k {ln (Z/uo) + 8 L} /
where \x\\ . //
p3 ™ + };i’/
L = g S (Mcnin length scele)
*“p

(2) How would you determine U¥, 255
data? A grephiczl technique is %93

measure v end T on & mast. Dg;é%:ine H,

V.

3T ~
PCp Ks 5z N

where KH = KM'

tc derive

*

-

= pd)

in the

Shcw

layer ar

.

% from actusl meteoroclogical
te. Assume thet you carc only

e heat flux fram

.
(b) Since T = ’56*2 and T = KM %% . Derive an expression for which is

consiftent with (1). The enswer should be a profile with height of K,

containing z and constants for the particular situation.

answer does not contain V.

5

Hint: The‘“\\




