16.1 Mathematical Definition of Dispersion:

Consider two waves of slightly different phase velocities, ¢; and ¢, and wave numbers,
ki and kp, propagating in an elastice material. Figure 16.1 shows the conditions under which

wave shapes can remain constant during propagation. Consider the amplitudes of each wave as

sinusoids:
Y1 = A sin (klx - wlt), where: k| = %1 16.1.1
and
2= in (krox - o t). k, = &
y2 = Assin (kox - ) 2=, 16.1.2

The amplitude,Y, of the wave is the sum of the two.individual waves:
Y =y, +y,=Asin (kIX - (1)1'[) + A sin (kzX - (1)2'[)

Because any analytic function can be written as the sum of its odd and even parts, the wave

numbers and frequencies can be re-written as:

kl =%[kl+k2]+%{kl-k2],

and,
Ky =2k + kg L[k -k 16.1.3
and
Wy =%[(1)1 + 0] +%[m1 - ]
and
_1 1
Wy —2[0)1"'0’2]'2[(”1'“’2]’ 16.1.4

Defining the average of the wavenumbers, ko, and frequencies, wy, as;

:k|+k2

W] + Wy
7 .

ko

and wg =
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And using the identity:

. | 1
s1nA+s1nB—2sm2(A+B)COSZ(A B) 16.1.5

We can rewrite the amplitude, Y, due to the interaction of the two waves:

Y =y; +y2 =2A cos t

(ki-kp) (01 - w)) t} «sin {(h +ky) (01 + )

2 2 2 2 16.1.6
Letk;-ky= Ak, 0)-0,=Aw 16.1.7

then:
yl-y2=2Acos%(Akx—Awt) sin (kox—ooot 16.1.8

which represents two modes of wave propagation, a longer period carrier propagating at wg and a

higher frequency component of Aw.
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Thus the carrier wave propagates at a phase velocity of € = Ko with an angular frequency,

((UO = 2“fO) modulated by a wave with a frequency, Aw = 2ntA f.. The modulation envelope, or
the wave packet, propagates at a group velocity of u = Aw/Ak .. Hence c is different than u for a

dispersive wave.
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Summarizing the properties of a dispersive media:

linear dispersionless material

Y

wave shape remains constant

N%

nonlinear dispersionless material
wave shape changes

linear dispersive material
wave shape changes

N4
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nonlinear dispersive material
wave shape remains constant
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