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MET6308: Zou

o Answer the following questions:

(a) What is atmospheric data assimilation?

(b) List 5-6 main classes of algorithms used in data analysis and assimilation.

(c) What is the role of adjoint model in data assimilation? Why is it important?
(d) Explain homogeneous, isotropic, posteriori weights, and observation operator.

(@) The procedure which fokes obsewed data anl crectes homggeneous Lields g usidly called] cualysTs . or omiletton,

when fhe date are distriluted ™ time and the proceclures uses an explicit dynemioal mode] for the e evolubion of

the Qdmospherte  flow.
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MET6308: Zou
e For a linear equation

2X_ A(rx)ox
8x| _ =8x, (1)

=1,
answer the following questions:
(1) What is the initial condition?
(2) What’s the Jacobian operator?
(3) What is the resolvent of eq. (1) (give the definition)?
(4) What is the adjoint equation of'eq. (1)?
‘I(S) What is the resolvent of the adjoint equation of eq. (1)?
V@ Is it true that the resolvent of the adjoint equation is the adjoint of the resolvent of the
ooy tangent linear equation (1)? Can you prove it (this is optional)?
| (> The mihal arolition is §Xl.., = 38X, , 1e pertulohon ok tme to

M N ¢,¥) : Jacobron oremlor
P R = R&.Jc,)]sz v

L. remvivent
@ - (axV?
Rl = Porcrg

>fs3-= f CAR-R*), Reay SR >t = §t< R¥ct, 6)2(R-R*) , $K. >t
’ L vesolvent o adjomt model

;’
|
‘ ©) |, Tangert limear €. reohert of TEL wodel
i ¥ g %} = ASx ay SXd) = Rt 1) SXG,) 3)
| | r———
| odjomt 3 vesolvent of adjoni mede

F ﬁg AR & K| skt =S, )SX)|
4! L8Xw , S¥ay>
2 <Xy, $Rar> = < 3‘%‘—“ | SXw> +{Fey, FSXBS T
=< A({,‘;’l;sm) L SRy > + <{SKey , - é*’kbf%))S“Y(£>> ¥
= LASKE) . Sxwd - LASK® , $%W> 20

IN “@ % Vﬂ:
= X&), $Rehy = S, t:) XD '
. L GReky = Rk by XY ot S¥0he) i"
|
| <SRty (S ko 0> SR () >
|
= { R, £) SRk , $* P> "
j = (X&) ,(R¥tr, t) SR> =
\~ aoo S =R*



MET6308: Zou ¢49’, 9"

e To use a standard unconstrained minimization software, what are required from users to
provide to the minimization routine in order to find the minimum of a given cost
function:

J(x,) )

where x, is a vector of dimension /N serving as the control variable.

Just we need J and YT

+Z e Suppose J in eq. (2) is a cost function defined on the space R to which the control
variable x, belongs, and <, > represents an inner product defined on R. The gradient V.J
of J with respect to the control variable x, is defined as a vector in the same space R as
X,, and is such that the first-order variation &J resulting from a perturbation of 5x, is of
onequal to the inner product
T 8J =(VJ,8x,) 3)
Circle the right statements in the following:
@ VJ reflects how sensitive is J with respect to x,; ——— True
(b) The value of VJ depends on perturbation 8x,; - > False
@ The value of VJ depends on.how the inner product is defined on R; ——> True



MET6308: Zou
*_’ e Let the inner produce [, ] represent the L, norm, i.e.,

[x.y]=2 %, 4)

Assume that the inner product <, > is related to the inner product [ , ] through the
following relation:
i (x,y) =[x, Wy] (5)
87 =< $%> where W is a weighting matrix. What is the relationship between the gradient VJ
associated with the inner produce <, > and the gradient V2J associated with the inner

product [, ]?
Sob
one ethod

(x¥91= j\:xtﬂt
4%, 4> =[x,vy] =);:sz;3; = E;WJX:Q-L
$3=0[x. 4] = V]| =X ——y
$J =4, 4> = V. = W' = W'V,
At
gecond mpdhod
based on U , ]
§J =[ V-], s%] = (8)'VYT
bagsed on &, >
ST = < VY, B> = [v], W] - (wsx)'vg

= (STWTYT = [WIVT, §%)
K S VT =W

réx.gp =%, wal
@Le+ 3| - <x—xb1x_x°>

—

£ = 2(X-x*), &>
Sxe) = RE 400 3%
§J, = <20x-X°) | R+ 18K
= & R%(te. ) 20X-X*) , 8Xo>
3
ATRT = RF., 1 206XY)
@ leb Jo=<Oexe), WOE-x*)>
= KW=, (x=x") >
$T. = <Wale—x*) , $X>
=W 20ex) , R, £)8% >
= LR (b ) W' 2x—x*) % >
3

Thoeke
VW=WTZhT (W s et B of 4ie)

N



MET6308: Zou ('%2.'R)
\/ ¢® Prove that using the optimal interpolation algorithm, there is no correlation between the

- -
analysis error ?ﬁ the observation increment x° (rk) —x (rk) .

i

— -
Hint: Given the background value x’ (rj of x at the analysis gridpoint #, , and the

— - -
observed and background values x° (rk) and x” (rk) at the observation location », , k=

__>
1,...,K, the optimal interpolation algorithm calculates the analysis x"(r,.) using the

following formula:
— -\ £ — -
x"(r,.)=x"(r,.)+ZVV,,((x"(rk)——x"(rk)) 6)
k=1
Where K is the total number of observation points affecting the analysis of x at the

_>
analysis point », and W, is the weighting determined by minimizing the expected
analysis error variance:

G e

__>
Where the overbar means the expectation and x' ( v ) is the true value of x at r; .

e QralySte Eriar.. = Xea®) - X(®) =A
shservation oement = X°(F) — X(T) =B
EJ(A-BYA-B)| hes 4o be zevo .
Y - = K \ =, —
= E{ (X% - X - @) +x* @) )} = ET O - 0@y — (E Wh) (XU~ XOGE ))\fj =0

nhewe e AYMme Lackgrww( erors and observetlon rrovs ore nat Cotreloled ond  olservetion Qrrors are uncsvreicded]

7= (X@) - XY (@)~ X(R))

X4®) = xba) +§ W, OCGR) — XUTD) H

W = (X — X))

oTa*
Swa =0 = 2 (Xt~ Xi®)) (X ) — Xy )
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MET6308: Zou

e Following is a linearized shallow-water model written in term of vorticity &,
divergence D and geopotential height ¢ :

Z€+foD 0

————fOC+V2¢=O \
|

a¢+<1)D 0 ®)

where f, is a constant Coriolis parameter, ¢ = gk, ¢ = gh is the deviation from ¢, & is

the height of the free surface of the fluid, g the gravitational constant, # a free surface
height independent of space and time representing a basic state at rest,

> =9%/0x* +8* / 9y? is the horizontal Laplacian operator in Cartesian coordinates.
Derive the adjoint model of (8).
Hint: Use the Green's second theorem

.[)(\I’Vd) OV2y ) _[(qu) oVy)-ndS (9 =0

AN

where (R) is the two-dimensional space domain, (S) is the bounding surface of (R), n is

the outward normal direction of S, w and ¢ are two scalar functions defined on (R), and
V is the gradient operator.

r —}ﬁ— +&b=0 / A =(§3
<%E— ~-RL+VP =0 &
29 4 Bp-o L=((c2 (L +£0) +B(-R54vp)
Derve adjornt- +$(§ +$D)]dIaH:
L= ([12(% +80) + (R vy e (g 81) o= ((ro w24 260580
L=§§§—c?§+2&u -og-;! - BRg + VD - 49_,t + HB O] dedx +oPb +¢§D]dx=l+
A
- ([5-5 -8R Jarax =0 Lo som 3 b wad

={(s28 B (83 dux =0

%‘; =H{V’6 _Qégdux =0

% -9—,‘ -&b =0
o ‘—"—S-ﬁ =0 _3%____'(_1_
32 +2R 48 =0 oL - _Brd=o
o - N
—

+{ [, (D7 -7 B)drdt

S by G ond theoem

28+ 88p=0
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MET6308: Zou
e Write the adjoint of the following code which is part of Fortran codes of a forward
linear model:

c input variables: X(N), QDOT(N) -~ ¢ mpuet varidle  YCN), WIND
¢ input constants: g(N), b(N) e mput constat QN b (N)
DO 10 I=1,N adjsvet code Do 16 I=N,1,-|
0 GDOTa) o i
\ ENDIF QDOT(xy = W(L) W = 0

w(z) = Y w)

IF (LEQ.2) THEN
W(I-1)=a()*QDOT(I) IF(I.EQ.2) THEN
NDIF %D:ZT(I) = QDOT(T) +R(T> »W(I-1)
- ENDTS
S\;,((II))_:V)ZS;LQDOT(I) ( IF(SM #f . TgﬁTa)-rb(z)*wcz)
DOT (L) =
10 CONTINUE EnoTE
¢ output variables: Y(N), W(N) 10 Continue

N e oddput varialle X(N), GDOTINY
If the second (“IF (I.NE.1) THEN”) and the fourth (“ENDIF”) lines are removed from the
forward model, which has no impact on the output values of Y(N) and W(N), the forward
code becomes

¢ input variables: X(N), QDOT(N)
c input constants: a(N), b(N)

DO 10I=1,N V Do 1o T=N,i,—

W(D)=b()*QDOT() XD =w()

IF (LEQ.2) THEN @DOT() =W() FCT.NE.| > THEN
W(I-1)=a()*QDOT() W) = V(D +WE) RPOT(Iy =b(T) « WD +GX

ENDIF IF(L EQ.2) Then ENDIF

Y(D)=W() QDOT(T) = ALY+ WA-H +GOOTAY by 1, ndludted /

W(D=XD)+QDOT(D) ENDIF

10 CONTINUE o

ConNTIN
c output variables: Y(N), W(N) TINOE,

What modification shall we make to the adjoint code you’ve written? Can we remove
those two lines (the line “IF (I.NE.1) THEN” and the line “ENDIF”) from the adjoint
model inloop 10?7 e am et 1emave 0



MET6308 Zou (1999)
e Answer the following questions:
(a) List 5-6 main classes of algorithms used in data analysis and assimilation.
(b) What is the input and output of these data analysis algorithms?
(c) What is the role of adjoint model in data assimilation? Why is it important?
/(d) What are the definitions of homogeneous and isotropic background error
covariances?
/(o) @ Sukjechve am}a‘s
@ Functron -e\'“ig_
® Suceessive correction
@ Optiwol (Statishra| ) Irteplen
® voruvdiona] methed] (3DVAR, 4DVAR)
6> ) tnput : observatronal date
<ou+pu+: umﬂ,my gno(deol anal)«s‘rs deke
@ The cojad model i produce the gradient of any Drecrc espects b resyect +o mikial Qonckbon.
75 15 e oty way o geb VI n He chmosphoric date assymilebon. So we an obtein He mimmigabton of J
ugmg ohe oP severcl melluds, Therefore, odjoiet model s a prercguistle + oblen VT

dy Lomo‘geneaus backg round error
V B (. T2) = Brg (0, ‘Z—)_
i9stropie  background _evver
— =3 =a &
V B (%, Te) = Eb 5™

©Orvor

B = {(RR)—x*EN AT - X)) = Ef T (fow) Eo = (%)

Sdd

TS

Loy
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MET6308: Zou (1999)
e For a linear equation

or in another form
8x(r) = R(2,1,)3%,
give answers to the following terms:
The initial condition:
The Jacobian operator:
The resolvent:
The adjoint equation of eq. (1):
The resolvent of the adjoint equation:
1. §¥lso = SR,
2. Ad.®
3 Ra.wd
4 R NG
i— —é—{:‘ & (AC{,% Y
ﬁh = -Rn?g_
SRk) = Slhs, 4> SRety

AP e

5.

~

(1)

@)



MET6308: Zou (1999)

® Suppose J is a cost function defined on the space R to which the control variable x,
belongs, and <, > represents an inner product defined on R. The gradient V.J of J with
respect to the control variable x, is defined as a vector in the same space R as x,, and is

such that the first-order variation &J resulting from a perturbation 8x, of x, is equal to
the inner product

8J =(VJ,8x,) 4
Circle the right statements in the following:
@) VJ reflects 42 sensitive is J with respect to X,. —> Twe
@2) The value of VJ depends on the value of x,. ———=Tre
3. The value of VJ depends on the perturbation 3x,.— ke

@) The value of V.J depends on how the inner product is defined on R.—> Twe
5. Define a cost function based on the Euclidean L, norm:

J(x,) = [Hx(T) -y (7). HX(T) - y*(T)] = i(Hx -y (5)

where x = (xl,x2 eees X N)T is an N-dimensional vector and represents the model
forecast at the time 7 starting from x,, at time = 0.
1) Is it true that the gradient of J under the L, norm, VJ, can be obtained by

integrating the adjoint model R” background in time once from T'to #,? True
(i1) What will be the “initial” condition at ¢ = T for the adjoint model integration

to obtain VJ ?
R = freny

lo

Z



\/ MET6308: Zou (1999)
¢ Following is a simple nonlinear model:

2,2 =kt
ou 0 1, 82
5*5(4’*2 ) Koo ©

where X is a constant, and the “geopotential” ¢ and the “zonal” velocity u are functions
of time ¢ and a one-dimensional periodic spatial coordinate x.
The model state vector can be expressed as:

- ()

and the inner product of the two state vectors
X = X, =
Y, (x,t) u, (x,t
is defined as

v prz r(¢ o, +@ uluz)dx

where @, is an appropriate constant geopotential.
Derive the adjoint model of (6) in analytic form.
Hint: Use the result:

Xp

% az¢ *y ) ( ) 6\4})
e =0 7
[ ( -0 Vo Ve, ™)
o) where y and ¢ are two scalar functions defined on [xa,x,,].
Inher produck

2%, %> =jc¢.¢. +,Uilaydx

v=(4), % (fi:)

odyont vavidlle - &, U
L,u,8,0)= g %(—e—‘tﬁ—‘@) K‘i"‘-’l-i-@ a3y “4-(¢d-w)-{§i'u¢xd¢, 3

>t X ) o
(8 ey 88 )+ 8T )42, (I —ort ) Yo
- Sg?\;kﬁ + B0 ot e Gress Howem 3 “q:k;%gdxde
M ORI ey
Prplyis b.C. =§S"_ = S X
L= {{ -q28 qu 3, ui‘i - B(b+Luy3E —;<4>—$ B toed _g Cbk_:_ﬁ «MW
__agfcﬁ ul -@_u zgﬁ)aux =0

2L - (((’d’ax _@i“- -3,u3% —_°[< L )dkb(=D

U

N A
.zi—g% X e

_4)%1: -4,%% _Qu‘%‘\ =§?.K§§-.

[+]

L

I
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MET6308: Zou (1999)
o Write the adjoint of the following code which is part of Fortran codes of a linearized
shallow-water model:

SUBROUTINE LUVDECPL (M,PI&A,U,V,UVA,&A)
c input variables: PHA, UA, VA
¢ input basic state variables: PHA9, UA9, VA9
REAL PHA(M), UM), VM), UA(M), VA(M)
DIMENSION PHA9(M), UA9(M), VAI(M)
/DO 10 =2,M-1
|- U = UAQ)/PHA9(D)-PHA(D)*UA9(I)/PHAS(I)**2
\ V() = VAQ)/PHAS(I)-PHA(D)*VA9(I)/PHA9()**2
10 \CONTINUE
c output variables: U,V
RETURN
END

If the arrays U and V are also input variables, i.e., they had values before calling this
subroutine in its top subroutine, what modifications shall be made to the adjoint
subroutine you’ve written?

—  SUBROUTINE. AUVDECPL.(M,PHA .U,V UR, VA, PHAQ .UAY. VAR )

&

¢ mpd vavnlles : ),V
c mpd basie siale vmidles : PHAG, UAS, VA]

REAL PHA(M), UMY, (M), DAMY , VAQM )
DIMENSION PHASR (M), OAR(M), VAZ(M)
Do o =2, M~
VAE) = (VAE) + V@) /PHATE)
PHALZ) 5 PHACD) —VCE)¥ VAR (E)/pHAAGE) ¥ 2
Y(I) =D
UACTY = VA +0@/PpHAi )
PHACT) = PHA)— XT) * DAR(T) /PHAB(T) XY

0@y =0
10 * condthue
¢ oudput vavielles . PHA , UA,VA
~
RETORN
END

2



MET6308: Zou (1999, Final)
e Answer the following questions:

1. What is the background in data assimilation? Why is it needed? “\/ ik
background :f{:iﬁj@ Observatons ore oflen insuficied 4o completely determme all dhe rporedds, 2. MEN
( 7 Indhis aose, Hhe eshmohon proliem cannot Le Solved T e absere s otler Soupces of
dale_gase_regmn . _mformation . Tn numericsd prechiction , poldittome| Tnformation iv ugud)/ avatile 1 4e Boem of

o forecost thot reslts from dre previows analysis cycle.

This meons fhet an estimole Xg ,ulick does not Heke Beby AFount He netd obeevvokions | 7s
Aleo_ avalalle,

\/ 2. What is the incremental 4D-Var? Why is it needed?
{ An Qpproxtmelion of +he %Vﬂk,nemey He Tnaemeutal appmd-.,s?’m?lau 4o e linenivchor undedyicy e edended Kalman Hilter efs,

QmS 4o Achigve Jhe omownt o He 2%& T @ way cosislent Wb fle nynretr esismohion %eay_
The woementd appreach considlers 4 pevturbohion o an Tnoewent # Irstead of the Bl model sdate.
varialle = SXGo) = Xlio)=Xa

\/ 3. Is it correct to say that the Kalman filter is equivalent to OI done at every time step?
If the answer is no, then why?

o
Yes , eech +me slep, we need "evaluste _andysis Qror_ covaianegs

4. Is it correct say that for parameter estimation, one solves a problem similar to 4D-Var
and the parameters to be estimated can be treated equally as the initial condition in
4D-Var?

Yes

5. What will you do to suppress undesirable small scale features in 4D-Var?
v ]%am(i/ derm

\' 6. Which one, the analysis or analysis increment, satisfies the imposed physical
constraint in OI? | ;)

i3
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7. What and how is the physical constraint incorporated into the analysis procedure of
4D-Var?

<{£ 8. List the advantages and disadvantages of the FI{ (ﬁmte difference of adjoint) and
AFD (adjoint of finite difference).

\ : Stosthay grechent
& - (
olis .

V. Stotlio i'rx {’Rhll

Md 4o dewe adprt €3

| \N ady : ok idee] pord —» V is exacl
L oscillatiy V
\/ 9. What is the final condition (at time 7) for the backward adjoint integration of the 1D
shallow-water equation model to obtain the gradient

Vi (D

where

J=%@%1Hyw%nn», T=1h, I =15 @)

and x(f)= (u(t,l),...,u(t,61),v(t,1),...,v(t,61),¢(t,1),...,¢(t,61))T represents the model
state at time t.
SN

\/ 10. List three components that need to be developed to incorporate a new type of indirect
observations into an existing 3D-Var and/or 4D-Var system.

@ develop o4
/ @ deBre cost function
{ @ comect He new obs. wiHl the rodel

For a, Specrft bpe of obsewdtion , users of adjord medel ™2y need do olevelop their- atsn aApnt of te observelion
\ Jerehor (HT) R assTwilaty ot observotion.




r‘) Prelim_queston ¢

MET6308: Zou (1998, 30 minutes)

e What is atmospheric data analysis and/or assimilation? List as much attributes as
possible that need to be considered for atmospheric data analysis and/or assimilation.

e Following is a linearized shallow-water model written in term of vorticity &,
divergence D and geopotential height ¢ :

05
=+ f,D=0
5 T/

oD
— = f&+V0=0
o Jo& ¢
op
—+¢D=0 1
ot ¢ (D
where f is a constant Coriolis parameter, ¢ = gh, ¢ = gh is the deviation from ¢, & is

the height of the free surface of the fluid, g the gravitational constant, # a free surface
height independent of space and time representing a basic state at rest,

V? = 9%/ 0x* + 8% / 9y? is the horizontal Laplacian operator in Cartesian coordinates.

Derive the adjoint model one (ADJ-1) of (1) with respect to the L, norm:

N
[X,Y] = inyi 2)
And the adjoint model two (ADJ-2) of (1) with respect to an arbitrary norm:
(x,y) =[x, Wy] 3)

where W is a weighting matrix, x and y represent vectors consisting of £, D and ¢ :

~ /Compare the model ADJ-1 with ADJ-2, how can you still use ADJ-1 to calculate the
gradient VJ of J (a forecast aspect of eq. (1)) with respect to the norm defined in (3)? — VI =w'v"J
The vector of VJ is defined as a vector such that the first-order variationdJ resulting
from a perturbation 8x, of the initial condition x, of model (1) is equal to the inner

product
\ 8J = (VJ,5%,) “

Hint: Use the Green’s second theorem to derive the adjoint model equations:
[o(wV2o -4V )R = [ (yVo-oVy)-nds  (9)
where (R) is the two-dimensional space domain, (S) is the bounding surface of (R), n is

the outward normal direction of S, ¢ and ¢ are two scalar functions defined on (R), and
V is the gradient operator.

15
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2 /NT-1 XYl = it);zﬂi

L= gg JEOEE +8)+ BE2 - 2o+ve) + S (3R +$D)]dedx
L=[[1-c 4280028 562 4675 438 +8bjac

- e +ovevs
= 4vb
2L =§g€—i—t’5 ~DRidtc =0

3z
st _((126-38 +dajdx=0
5L
o3

(6 vé = PEH 47D .,
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